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fnL%AL%VUWdÕµ\YÔ_opLgX,SUfzÕQN4Z]QJe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fnGJ\At_Õ]hMÔLHh_\AQJLZ]Q)WYQMWYhvGJ\®XHK)WYQJQJL%VgcT\YS[GJLgVZZfnLfUWdÕ½Z]LgQTS"siWYVnS[f¸\YÓiS[GJL\AÔ_opL%X%Sµf[t_XbG2Wdf¸f[GiWdV[s
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S[\)GJWYQJh_Õ]L¥SUGJ\AfnLKvZ]f[fZQJe)hiWdSUW
sy\YZ]Q4S[fÔENLX®SUV[WYs\dÕºWdSnZQ_e)S[GJLzf[tJVÓ>WYXgL¥Z]Q!S[GJLzK)\YfnS}bZ]Q4S[t_Z½S[Z½ALq}¾K)WYQJQJL%V]R
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  ó'XtXX
   	  ] àà 
Geometric
Physical
Model
3D Reconstruction
3D Dataset
Object RecognitionVisualisation
Real Scene
Properties
~$ZeAt_V[Lv}l"FHGJLzeAL%QJLgV[WdÕV[L%Xg\AQJfSUVntJX%SnZ\AQ^f[XbGJL%KML
eAL%\AKML%S[VnZ]XÃKM\hJL,ÕcÔ:NEW2ÕWYV[eYLÃWYKM\AtJQTS]R S¾QÆSUGJLXg\AQTSUV[WYV(NYcBZGJL%QEf[siWYVnf[LvhiW»SbW2Z]f¯sJVn\®Z]hJL%hc
Z½S¾Z]f¾QJLgX%LgfnfUWYVNESU\VnLPLiQJLÃS[GJLvKM\h_L%ÕS[\ZQ_XgV[LgWYf[LÃS[GJLvhJL%QJfnZ½S[NE\YÓmYLgVnSnZX%LgfPRÃFHGJL%V[L%ÓÁ\YV[LYcZ½S¾Z]f
Z]KMs\AVSbWYQTSµSU\Xg\YQ4S[V[\YÕiS[GJLxWYKM\AtJQTS\YÓZ]Q_ÓÁ\AVnK)WdS[Z]\AQ)fnSU\YV[Lgh)ZQMSUG_LrVnLgXg\YQJfnS[V[tJX,SULgh2KM\hJL,ÕRxfrQ
Z]QTSUt_Z½S[Z½ALWdÕeY\AVnZ½SUGJK Xg\AQJfZfSUfxZQ!Õ]Z]QHT ZQ_e2SUG_LÕ]L%YL%Õ	\YÓ¸fZKMs_Õ½ZQLJXBWdSnZ\AQÆ\AVV[LPLJQJLgKMLgQTSrSU\MÕ\®XBWdÕ
eAL%\AKML%S[VnZ]XhO4tiWdQ4SnZ]SnZL%frfntJXbGÈWdfxX%tJVndWdS[tJV[Lz\AVWdV[LBWFR
 ÑIp  Ñ 1 Ñ=|  Í Y	3$1 r´ Î l)S[GJLfnSUWYÔ_Z½Õ]Z½S[N \dÓXg\AKMsJt_SUWdS[Z]\AQ \YÓs_GEN®fZXgWdÕsJV[\YsL%VnS[Z]Lgf\AQ
WÆeYLg\AKML%S[VnZ]XKM\hJL,Õ_>V[LgfZfSbWYQ_XgL!WYeTWdZ]QJfSvhJL%ÓÁ\YV[K)WdS[Z]\AQcmG_LBWdSgcQRWR c VnL]O4t_Z]V[Lgf)WÆKML%f[G \YÓxG_Z]eAG
eAL%\AKML%S[VnZ]X O4tiWdÕ½Z]S[N\RzFHGJLO4tiWdÕ½Z]S[N^\YÓ"W¿KMLgfnG9K2WYN^ÔLhJLPLiQ_Lgh9Ô:NÆfnL%AL%VUWdÕ¸K2WdQJQJLgVnf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S¾QESUVZºWYQ_eAt_ÕWdSUL%hEK)\®hJL,Õf%cS[GJLveAL%\AKML%SUVZXO4tiW»Õ]Z½S[NEK)WYNEÔLvKMLgWYf[tJVnLgh ZZ]S[GESUGJLvKvZ]Q_ZKtJKc
KMLghZºWYQ9\AV¾WYLgV[WYeALMWYQJedÕLÃ\dÓ"S[GJLÃfnL%Sz\YÓµSUVZºWdQJeYÕ]Lgf]RFHGJLÃS[\Asy\YÕ\YeYZXgWdÕMO4tiW»Õ]Z½S[NÈ\YÓW¿S[VnZWYQJeAt`
ÕWdS[Z]\AQÈK)WYN^ÔLK)LgWYf[t_V[Lgh9Ô:N!SUGJLvWBYLgVUWdeALÃQ4tJKÔyLgV¥\dÓmALgVS[Z]XgL%fzWYV[\At_QJhELBWYXbGÈYLgVSULXÈ\YÓmSUG_L
S[VnZWYQJeAt_ÕWdSnZ\AQBR
~iLPZ©LX®Z]fnS[Z]QJe!WdÕ]eA\AVZ]S[GJKMf¾K)WVN^ÔyLÃXg\AQ_fnZ]hJLgVnLgh WYf }aeYLgQJL%VUWdÕV[LgX%\AQJfSUV[t_X%S[Z]\AQj}zS[LgXbGJQZO4tJL%f]RÃ~i\AV
SUG_LrVnLgXg\YQJfnS[V[tJX,S[Z]\AQ¿ÓÁV[\YKÉA\YÕ]tJKML%S[VnZ]X¯Z]K2WdeALgf%c®S[Z\ÃWdÕ]eA\AVZ]S[GJKMfWdV[L ZZhJL,ÕQN)tJfnLghiRµ~$ZVnfnSBc4Z]f[\AfntJVnÓ>WYX%L
LX®S[VUWYX,S[Z]\AQc®\YÓ´SUL%Q¿ÔiWYfnLgh\YQ2SUG_L¾ØÆWdV[XbG_Z]QJe etJÔyLgfWdÕ]eA\AVnZ½SUG_K
eTyX%\AQJfnZ]fnS[fZ]Q¿XgVnLBWdSnZQ_eÃWKML%f[G
Xg\YV[V[L%f[sy\AQJh_Z]QJe!SU\ÈWeYZ½AL%Q Zfn\YW»ÕtJLURFHGJL)SULgXbG_Q_ZO4tJL¿K2WYN WdÕ]f[\^ÔL)tJfnLgh ÓÁ\AV¥S[GJL2VnLgX%\AQJfnS[V[tJX,S[Z]\AQ
ÓÁV[\YK hJLgQJfnL¯V[WYQJeALZK)WYeYLgf
eA Rr\VZL%YLgVgc_ÔL%XBWYtJfnLrZ½Sh_\L%fQJ\dSHWdÕ½Õ]\bZ SUGJLrXg\AQTSUVn\YÕy\YÓ7S[GJL¯KML%f[G
hJL%QJfnZ½S[N!WYQJh O4tiWdÕ½Z]S[NYckZ½SXBWdQJQJ\YSxÔyLX%\AQJfZhJL%V[L%hÈWYfxWveALgQ_LgVUW»ÕV[LgX%\AQJfSUV[t_X%S[Z]\AQ!SULgXbG_Q_ZO4tJLUR
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Ö¯L%ÕWYtJQJWVNS[L%SUV[WYGJL%hJVnZ]fUWdSnZ\YQÈWYQJh^f[L%VnZWdÕ$fnÕ½ZX%LVnLgXg\YQJfnS[V[tJX,S[Z]\AQ 
 YN	WYV[LZZ]hJL%ÕWN!tJf[L%hÈWYf ZL%Õ½Õ
ÔJt_S2XBWdQJQJ\YS)ZQTS[LgV[sy\YÕWdSUL!KvZfnfnZ]QJe hiW»SbW sy\YZ]QTSUf)fnZ]QJXgL!SUGJLXN h_\ QJ\dS2Z]QJXg\YV[sy\AVUWdS[L!WYQ:N fnKM\\YS[G_Z]QJe
KMLgXbGiWdQ_ZfnK RÉ~itJVSUGJL%V[KM\AV[LdcSUGJ\AfnLEWdÕ]eA\AVZ]S[GJKMfV[LPO®tZVnLÈSUGiWdS¿hiWdSUW s\dZQTSUf¿KtJfSÔLÈfnLgeAKML%Q4S[Lgh
ÔyL%ÓÁ\AVnLgGiWYQ_hiR
Ö¯L%ÓÁ\YV[K)WYÔ_Õ]LvKM\hJL,ÕfzWdV[L!ZL%Õ½Õ½`¢f[t_Z½SUL%hEÓÁ\AV¾eAL%QJLgV[WdÕ¸\AÔopLgX%SzVnLgX%\AQJfnS[V[tJX,S[Z]\AQ9ÔL%XBWYt_f[LÃSUG_LPNÈK)W\TdL
Õ½Z]SnS[Õ]L¥WYf[fntJKMs_S[Z]\AQWYÔy\At_SSUGJL¯f[GiWYsyL¯S[\ÃV[L%Xg\AL%VWYQJh¿S[GJLPN¿XBWYQ5L_Õ]S[LgVWYQ_hV[L%Xg\AQJfSUVntJX%S\AÔopL%SUfÓÁV[\AK
dWYVnZ]\AtJfµS[N®sL%f\YÓ7hiWdSUWYf[L,SUf]RKwL,AL%VUWdÕyÓÁ\AV[K)WdÕiÓÁV[WYKMLPZ\AVkT4f\YÓ&hJL,ÓÁ\AV[K)WYÔ_Õ]LxK)\®hJL,ÕfLX®ZfSBcÔJt_SWX%\AKÃ`
KM\AQ!WYsJsJVn\TWYXbGX%\AQJfnZ]fnS[fZQÓÁ\AVnK2W»Õ]ZQ^%Z]QJeÃSUG_L¥hJL%ÓÁ\AVnK)WdS[Z]\AQ!WYfWdWYVZºWdSnZ\YQiWdÕs_V[\AÔ_Õ]LgK{ZQTY\YÕ]4Z]QJe2WYQ
Z]Q4S[LgVnQiWdÕyLgQJL%V[e\NvS[GiWdSµL%Q_ÓÁ\AV[X%Lgff[\AKMLXg\AQTSnZQ4t_Z½S[N)Xg\AQJfSUV[WdZQTS[fgcJWdQJh¿WdQ2L
S[LgVnQiWdÕyLgQJL%V[e\NMX%\AQTSUVn\YÕ]Õ½Z]QJe
SUG_L¯X%Õ]\AfnLgQJL%f[fH\YÓBLJSYRmFHG_L¯SUV[WYhJL,`¢\ vÔyL%S[ZLgLgQZ]QTSUL%V[QiWdÕ7WYQJh¿LX®SUL%V[QiWdÕLgQ_LgV[eUN2eY\CYLgVnQJfSUG_LrÔyLgGiWB4Z]\AV
\YÓhJL%ÓÁ\AVnK)WYÔ_Õ]L2KM\®hJL%Õ]fWYQJh S[GJLgVnL%ÓÁ\AVnLvSUGJL,ZVWYÔ_Z½Õ]Z½S[NESU\!V[L%Xg\AL%VS[GJLMf[GiWYsyL)\YÓWYQ \AÔ_opL%X%SL%YLgQ Z]Q
sJVnLgf[L%QJXgL\YÓkQ_\YZfnLWYQJhv\Yt_S[Õ½ZL%V[fPRµØÆWYQ:NV[LgfnLBWYVnXbGJLgVnfµGiWBALsJVn\As\Yf[LghvVnLgX%\AQJfnS[V[tJX,S[Z]\AQMf(N®fnS[LgKMfµÔiWYfnLgh
\AQ hJL%ÓÁ\AVnK)WYÔ_Õ]L¿KM\h_L%Õ]f 
e9egf¾_c$Ö xPp_}AczØÆANcØ!XgPpAN_cdeØÆ   _ÁÓÁ\AVW^f[t_VnALXN \YÓhJL%ÓÁ\YV[K)WYÔ_Õ]L
KM\h_L%Õ]fZ]Q!K)L%h_Z]XBWdÕ&Z]K)WYeALzWYQiW»ÕQN®fnZ]fxf[LgL 
ÿPpFA  cXR r\VZL%YLgVgckÓÁLPZ f(N®fSULgKMf¯WYhJhJVnLgf[fSUG_L¥sJV[\AÔÕL%K\YÓ
eAL%QJLgV[WdÕf[tJVÓ>WYXgLzVnLgXg\YQJfnS[V[tJX,S[Z]\AQciZQ!siWYVS[Z]Xgt_ÕWYVSUG_L L_AL¥SbWYf(T4fxÕ½ZfSUL%h^Z]Q!S[G_ZfsiWdVUWYeAV[WYsJGiR
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f Q_LgXgL%f[f[WYV(N Xg\AQJhZ]SnZ\AQ ÓÁ\YVsJVn\Asy\AfnZ]QJeEWÆeYLgQJL%VUWdÕV[L%Xg\AQJfSUVntJX%SnZ\AQ fNfSUL%K ÔiWYfnLgh \YQ hJL%ÓÁ\YV[K)WYÔ_Õ]L
KM\h_L%Õ]fgcZ]fS[GiWdSQJ\ÆVnLgfSUVnZ]X%SnZ\YQ LX®Z]fnSUf\AQ S[GJL2eYLg\AKML%S[V(N \AVzSUGJL)SU\Asy\YÕ]\Ae\NE\dÓHSUGJL)V[L%Xg\AQ_fnSUVntJX%S[Lgh
\AÔ_opL%X%S[f]RrFHGJLgVnL%ÓÁ\AVnLYcZ½SxZfr\YÓmG_Z]eAG^Z]KMs\YVnSbWdQJXgLSUGiWdSxSUG_Lf[t_VnÓ>WYX%LV[L%sJV[L%f[L%Q4SUWdS[Z]\AQ9WYfnf[\®X%ZWdSUL%hmZZ½SUG
WvhJL%ÓÁ\YV[K)WYÔ_Õ]LzK)\®hJL,ÕcJZ]fxWYfeALgQJL%VUWdÕ$Wdfxsy\AfnfnZ]Ô_ÕLUR
PRQ¿SUGZfHfnLgX,S[Z]\AQcFZL¾VnL%4ZLXZ K)\YfnSH\dÓSUGJLrh_ZWv7L%V[LgQTSVnLgsJVnLgfnLgQTSbWdSnZ\YQJf\YÓ&hJL,ÓÁ\AV[K)WYÔÕLrK)\®hJL,ÕfWdQJh
SUG_LgQ!LXs_ÕWdZQ^\AtJVWYs_sJV[\TWdXbG^ÔiWdf[Lgh^\AQ!WvQJLPZÊfntJVnÓ>WdXgLzV[L%sJV[L%f[LgQTSUWdS[Z]\AQiR
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Ø^\AfSVnLgX%\AQJfnS[V[tJX,S[Z]\AQÃfNfSUL%K)f¸WYV[L"ÔiWYfnLgh\YQsiWYV[WYKML%S[VnZ]XVnLgsJVnLgf[L%QTSbWdSnZ\AQ_fgcTf[t_XbGvWYf$f[s_Õ½ZQ_Lgf\YVLJQ_Z]S[L
L%Õ]LgKML%Q4S[f]R9f³siWYV[WYKML%S[VnZ]XVnLgsJVnLgf[L%QTSbWdSnZ\AQÆXg\AQJfZfSUfxZQ^W)X%\AQTS[Z]Q4tJ\AtJfxSUVUWdQJfnÓÁ\AVnK)WdS[Z]\AQ!ÔL,S[ZL%LgQÈSUG_L
siWYV[WYKML%S[LgV)f[siWYX%L L%KÔyLghJh_Lgh Z]Q SUG_LÆqmtJX,Õ]Z]hJLBWdQ s_ÕWYQJL  "!2WYQJh SUGJL!f[tJVÓ>WYXgL!\YÓ¾S[GiWdS)\AÔ_opL%X%S]R
FHGJLÈsJWYVUWYKML,SUVnZ]XÆVnLgsJVnLgfnLgQTSbWdSnZ\YQGiWBALEf[L,AL%VUWdÕ¾WYh_dWYQTSbWYeYLgf¿\YLgVtJQ_fnSUVntJX%S[tJV[L%h K)L%f[GJL%f]RÊ~$ZVnfnSBc
SUG_L2fnGiWYsyL¿\YÓSUGJL2\AÔ_opLgX,SZ]fh_LPLiQJL%h L%YLgVNqZG_LgV[LURÆFHGZfÓÁLBWdS[tJV[L)Zf\YÓ´SUL%Q VnL]O4t_Z]V[Lgh ZQ G_ZeYG Õ]L%AL,Õ
SbWdfkT4ff[t_XbG Wdf¿4ZfntiWdÕ½Z^gWdS[Z]\AQ \AV egf¯Ö hJLgfZeYQiR wLgX%\AQJhcZ½SWdÕ½Õ\VZfS[GJLÆfSbWYÔ_Õ]LEXg\YK)s_t_SbWdSnZ\YQ \YÓ
eAL%\AKML%SUVZXLgQTSnZ]SnZL%f¯f[t_XbGEWYfQJ\AVnK2W»Õ	\YVnZ]LgQTSbWdSnZ\YQ^\AVX%tJVndWdS[tJV[L%f-ZG_Z]XbGÆZ]frKM\AVnLs_V[\AÔ_Õ]LgK)WdSnZX ZZ½SUG
tJQJfSUVntJX%S[tJV[L%hÆKMLgfnGJLgfPR
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SUGJWdSSUGJL%V[LWYV[LQJ\)\At_S[Õ½Z]LgV[fxZQSUG_L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\YÓxWÆsy\YZ]QTSÃSU\EW!SUVnZWYQJeYt_ÕºW»SULgh KML%f[G ZGJLgVnLBWYfvX%\AKMsJt_SnZQJeÈS[GJLh_Z]fnSUWYQJX%L\YÓxWÈhiWdSUWÆsy\YZQTSSU\ÈSUG_L
QJ\AVnK)WdÕ&Õ]Z]QJLzXBWdQ^ÔyL¥hJ\AQJLZZ½SUG!L$#)X%Z]LgQ_XPNR
 L)sJVn\As\Yf[L2WYQ L
sJV[L%f[fnZ]\AQ \dÓSUG_L2L
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VUWYhZtJf cZ]QÆ\YV[hJL%VxS[\2Õ½ZKvZ½SrS[GJL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 L¾sJV[\Ys\AfnL¾WVnLgX%\AQJfnS[V[tJX,S[Z]\AQf[XbG_LgKML¥SUGiWdS"Z]fZQ_hJLgsyLgQJh_LgQTS\AQ¿S[GJL¯S[N®sL¯\YÓhiWdSUWYf[L,SWYQJh2SUGiWdSV[La`
O4t_Z]V[LgfµÕ½Z]SnS[Õ]LWzs_VnZ]\AVnZT4QJ\VZÕ]LghJeYL¯WYÔy\At_SmS[GJLf[X%LgQJLSU\zÔyLV[L%Xg\AQJfSUVntJX%S[LghiR"FHGJLf[XbG_LgKMLxZ]fµsJV[L%f[L%Q4S[Lgh
Z]Q LieYtJV[LM} _WcHWYQJhXg\AQ_fnZ]fnSUfxZQS[Z\¿K)WdZ]Q^fSbWYeYLgf]R
FHGJL5LiVnfnSfnSbWdeAL¿X%\AV[VnLgf[sy\AQJh_fSU\ÆS[GJL¿h_L%ÓÁ\AVnK2W»S[Z]\AQ \YÓHS[GJL¿KML%f[G ÓÁV[\YK WdQ Z]Q_Z]SnZºW»Õsy\AfnZ½S[Z]\AQ S[\
W9X%Õ]\Af[L!WYsJs_V[\Y®ZK)WdSnZ\AQ \YÓxSUGJL!f[GiWdsL\YÓrSUGJLhiWdSUWYf[L,SYR F$\9Z]Q_Z]SnZºW»Õ]ZQ^gLSUG_L^KM\®hJL%Õ<cS[GJLtJf[L%V2XgWYQ
XbGJ\®\Af[LSUG_L!KML%f[G S[\Asy\YÕ\Ye\N WYKM\AQ_e9S[GJV[L%L^sy\AfnfnZ]Ô_ÕL!X%ÕWYfnf[Lgfulf[sJG_LgVnZ]XBW»ÕcHX N4Õ]Z]QJhJVZXgWdÕ¯\YVvs_ÕºWdQiWYV]R
rLXBWYQÆS[GJLgQEL,Z]S[GJLgVrZQ_Z½S[ZWdÕ½Z^%LvK)WYQ4tiWdÕ½ÕQN!SUGJLK)L%f[G9WYVn\AtJQJh^SUGJLÃhJWdSbWYfnL%S¥\YV¯XBW»Õ]Õ]Lgh9WYQÈWYt_SU\YK2W»S[Z]X
Z]Q_Z]SnZºW»Õ]ZQ^BWdSnZ\YQÆWdÕ]eA\AVZ]S[GJK h_Lgf[X%VnZ]ÔL%h^Z]Q^fnLgX,S[Z]\AQ   R c_Z½ÓS[GJL¥hiWdSUWYf[L,SxGiWYfÓÁLPZ \At_S[Õ½Z]LgV[fPR
PRQWdÕ½ÕyXBWYfnLgf%cSUG_LxS[\As\dÕ\AeUNv\YÓ7S[GJLxK)L%f[GXgWYQ¿ÔyLxXbGiWYQJeAL%hWdÓ´S[LgVmSUGJLDLiV[fSfSbWYeYLr\YÓ7hJL%ÓÁ\YV[K)WdS[Z]\AQiR
FHGJLzXbGiWYQ_eAL¥\YÓSU\Asy\YÕ]\Ae\N¿\X%XgtJVnf LiV[fSÔENXgV[LgWdS[Z]QJeMGJ\YÕ]LgfHZ]QSUGJL¥KML%f[GckWYQ_h!fnLgX%\AQJh!ÔEN¿ZQJX%V[LgWYfnZ]QJe
SUG_LeYLgQ4tJfx\YÓ	S[GJLzKMLgf[GÆWYff[L%LgQ!ZQSUGJLzh_ZWYeAV[WYK }B1R
S¾QJXgLÆS[GJLÆKML%f[G GiWYf)SUGJLÈh_LgfnZ]V[L%h SU\Asy\YÕ]\Ae\NYcHSUGJL^f[LgX%\AQJhfSbWYeAL^\YÓzhJL,ÓÁ\AV[K)WdSnZ\AQ Xg\AQJfZfSUfZ]Q
sJVn\C4Z]h_Z]QJeEWÔL,S[SUL%VeAL%\AKML%S[VnZ]X2VnLgsJVnLgf[L%QTSbWdSnZ\AQ \dÓSUG_L2\AÔopLgX%S]RPRQ \AVnhJLgVzSU\!Xg\AQTS[V[\YÕµZ½SUfhZfSbWYQJX%L
SU\ S[GJL9hiWdSbWcrSUG_LEK)L%f[G K2WYNÔyL9V[LXLiQJLgh \AVWYhJWYs_SUL%hiRwLPLiQJL%KMLgQTSEWYQ_h WdhiWYs_SUWdS[Z]\AQ WYV[LÈS[Z\
Xg\YK)sÕL%K)L%QTSbWYVNSUWYfkT4f	S[GiWdS	Xg\AQ_fnZ]fnS¸VnLgfnsL%X%S[Z½AL,ÕQNZQWYhJh_Z]QJexALgVS[Z]XgL%fmWYQJhK)\4Z]QJe¯AL%VnSnZX%LgfS[\bZWYVnhJf
siWYVSUfz\YÓG_Z]eAG9XgtJVYW»SUtJVnL\R\YS[G SUWYfkT4fzLgQJfntJV[LMSUGJWdSzSUGJL LiQJWdÕµKMLgf[G ZZ]Õ½ÕµÔyL2W»SWedZ]YLgQ hZfSbWYQJX%L
ÓÁV[\YKSUG_LhJWdSbW ZG_Z½ÕLGiWB4ZQ_e2eA\®\®h!eYLg\AKML%S[VnZ]XWYQJhSU\Asy\YÕ]\AeYZ]XBWdÕ7sJV[\AsyLgVS[Z]LgfPR
S¾Q_ÕQN2SUGJL¯VnZ]eYZhZ]S[N2siWYV[WYKML%SUL%V   WdQJhSUGJL¯LX®SUL%V[QiWdÕ7ÓÁ\AV[X%L¾siWYV[WYKML%SUL%V    WYVnL¾KM\hZQLiL%hÔL,S[ZL%LgQSUG_LLiVnfnSzWYQ_hÈf[L%Xg\AQJhEfSbWYeYL\R¾ÖrtJVnZ]QJe¿S[GJLLiVnfnS¥fSbWYeYLYc ZLÃfnL%S   SU\¿G_ZeYGÆdWdÕt_Lgf_    crWYQJh   SU\vÕ]\VZ dWdÕ]tJLgf_      cZ]Q^\AVnhJLgVHS[\MGiWBALf[KM\\dSUG^WYQJhÕºWYVneAL¥f[XgWdÕ]LhJL%ÓÁ\YV[K)WdS[Z]\AQJf¯\YÓmSUGJLK)L%f[GiRS¾QÈSUG_LÃXg\AQTS[VUWYVNAchJt_VnZ]QJe¿SUG_LÃf[L%Xg\AQJh9fSbWYeALdcBZLÃtJf[LÃÕ]\VZ³YW»ÕtJL%f
\YÓ   _  VcWdQJhÆG_Z]eAGdWdÕt_Lgf¯\dÓ    _     cHfnZ]QJXgLhZL ZWYQTSrS[\2X%\AQTSUV[\dÕ$S[GJLh_ZfSbWYQ_XgL\dÓSUG_LKMLgfnG^SU\vS[GJLzhiWdSbWFR
D& ,J<HJ032(J B0M<1JAK,
S¾QJL¾\YÓ&S[GJL¾K)WdZ]QsJVn\AÔ_Õ]LgK{\YÓV[L%Xg\AQJfSUVntJX%SnZ\AQfNfSUL%K)fÔiWdf[Lgh\YQhJL%ÓÁ\AVnK)WYÔ_Õ]L¾KM\hJL,Õf%cZ]fSUGJWdSHSUG_L
V[L%Xg\AL%V[L%h fnGiWYsyLgfrhJLgsyLgQJhE\YQ^SUG_LZ]Q_Z]SnZºW»Õsy\AfnZ½S[Z]\AQ^\YÓ¸SUG_LKMLgfnGiRrPRQÆeALgQJL%VUWdÕ<cS[GJ\AfnLKM\h_L%Õ]f¯QJL%Lgh
SU\ÔyLÃZ]Q_Z]SnZºW»Õ]ZQ^gL%h X,Õ\AfnLghESU\S[GJLÃhiWdSUW1R  G_LgQ9KM\hJL,Õ]Z]QJeXg\YK)sÕL
9f[GiWdsL%fgcK)WYQ4tiWdÕ¸Z]Q_Z½S[ZWdÕ]ZQ^BW»S[Z]\AQ
K)WYNQJ\YSeYZ½ALzsJVn\AsyLgVV[L%f[t_Õ½SUf%ckhJLgfns_Z]S[L¥SUGJLWYÔ_Z½Õ½Z]S[NS[\)WYhiWYs_SS[GJL¥KMLgfnG^SU\Ys\YÕ]\Ae\N)SU\vS[GJL¥SU\Asy\YÕ]\Ae\N
\YÓ$SUGJLzhiW»SbWYfnL%SYR
 L¥s_V[\Asy\Af[L¾WYQZQZ]SnZºWdÕ½ZQ^BWdSnZ\AQW»ÕeA\YVnZ½SUGJKSUGiW»SXBWYQ\YQ_ÕQN2GiWYQ_h_ÕLzWÕ½Z]KMZ½SUL%hQ4tJKÔyLgV\YÓ&S[\As\dÕ\d`
eYZ]Lgf _>S[GJV[L%LvÓÁ\AV¯SUG_L)X%tJV[VnLgQTSzZKMs_Õ]LgKML%Q4SUWdS[Z]\AQ=c¥ÔJt_S¥S[GiWdSzsyLgVÓÁ\AV[KMfZL,Õ]ÕµL,AL%Q Z]Q S[GJLvsJV[L%f[L%QJXgL)\YÓ
KvZfnfnZ]QJeÈhiW»SbW1R)PRQ_Z½S[ZWdÕµKM\hJL,ÕfXBWdQ ÔyL)X%V[LgWdSUL%h ÓÁV[\YK Ô\dSUG VUWYQJeYL¿WYQ_h Y\YÕt_K)L,SUVZX)ZK)WYeAL%f]R¿FHGJL
WdÕ]eA\AVZ]S[GJKZ]fQJ\YSxf[L%QJfnZ½S[Z½ALSU\MQJ\YZ]f[LzÔJt_SxK)WYNÔL¾Z]Q1`it_LgQJX%LghÈÔ:N\AtS[Õ½ZL%V[f]R
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Stage 1 
Create Holes
Change Genus
Stage 2
  è
Deformation
Mesh
Initialisation
  
Or
Refinement
Adaptation
Deformation
Final Mesh
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~	Z]eAtJVnL}1lh_Wc¯FHGJLveAL%QJLgV[WdÕ¸VnLgXg\YQJfnS[V[tJX,S[Z]\AQ9f[XbGJL%K)L g_>Ô=c¯FHGJL LJV[fnS¾fnSbWdeALÃ\YÓ"hJL,ÓÁ\AV[K)WdSnZ\AQ lrSUG_L
KMLgfnGZ]fÔJVn\AtJeAGTSHÓÁVn\AK Z]S[fHZQ_Z½S[ZWdÕ7f[GiWYsyL¯S[\MWÃV[\AtJeYGWYsJsJVn\YZ]K)WdS[Z]\AQ\YÓ&S[GJL¥hiWdSUWi_>XVcFHGJL¥fnLgX%\AQJh
fnSUWYeAL!\YÓ¯S[GJLÆh_L%ÓÁ\AVnK2W»S[Z]\AQ l!SUGJL!KMLgf[G Zf)V[LXLiQJLgh \AV¿WdhiWYs_S[Lgh Z]Q \YV[hJL%V)S[\ XgVnLBWdS[LÆWdQ \As_SnZK)WdÕ
V[L%sJV[L%f[L%Q4SUWdS[Z]\AQ^\YÓ	S[GJLz\AÔ_opL%X%SYR
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FHGJLX%V[LBW»S[Z]\AQ \YÓWÆfnsJGJL%VnZ]XBWdÕK)L%f[G SbWUTYLgfs_ÕºWdXgL¿Ô:N LiV[fSvXg\YK)s_t_S[Z]QJeÈSUG_L¿XgL%QTSUV[\dZh  \YÓSUG_L
hiWdSUWYf[L,SBcWYQ_h SUG_LgQ Ô:N?LiQJh_Z]QJe S[GJL^fnsJGJL%VnZ]XBWdÕ¯f[tJVÓ>WYXgL^XgLgQTS[LgV[L%h \AQ  SUGJWdS¿L%QJX%Õ]\AfnLÆSUGJL ZGJ\YÕ]L
hiWdSUWYf[L,SYR"F\)h_\)fn\JcHZLX%\AQJfZhJL%VxWvS[Lgfnf[L%Õ½ÕWdSUL%hÆtJQ_Z½Sxf[sJG_LgV[LzX%LgQTSUL%V[Lgh^\AQ-)ckWdQJh ZLzsJVn\YopLgX,SrLgWYXbG
hiWdSUW)sy\YZ]QTS¯\AVA\YL%Õ]f¾\AQTS[\2SUGJWdSxf[sJGJL%V[LUR  LfnSU\YV[L\AQÆLgWYXbGÈf[t_VnÓ>WYX%LL,ÕL%K)L%QTS¥\AQ^S[GJLf[sJGJL%V[LdcSUG_L
K)Wt®ZKtJK hZfSbWYQJX%L¾\YÓsJVn\YopLgX,SUL%h!sy\YZ]QTSUfÓÁVn\AK SUGJLrXgLgQTS[LgV]R GJL%QQJ\vsy\YZQTS[fsJVn\YopLgX,S\AQWfnsJGJLgVnL
L%Õ]LgKML%Q4Sgc1ZL¯tJfnLrSUG_LrKMLBWdQ2dWdÕ]tJL¯\YÓSUGJLrVUWYhZtJfµZ]QJfnS[LBWYhiR"FHGJLdWYVnZWYQJX%L¯\YÓSUGJLrVUWYhZtJf"\AQ)SUGJLrtJQ_Z½S
f[s_GJLgVnLhJL,SUL%V[KvZQ_LgfrS[GJLzQ4tJKÔyLgV\YÓ$AL%VnS[Z]XgL%f¯\YÓ$SUG_LzZ]Q_Z½S[ZWdÕfnZ]KMs_Õ]LX!KMLgfnGiR
~i\AVX N®Õ½Z]QJhJVnZ]XBW»ÕiKMLgf[G_Lgfgc:ZL LiV[fSmXg\YK)s_t_SULS[GJLWt®Z]fm\YÓkKvZQZKtJK×Z]QJLgVS[ZW1R  LS[GJLgQvh_Z½4Zh_LHSUG_Z]f
Wt®Z]fµZ]QTSU\ f[L%eAKMLgQTSUfPRµ~	ZQJWdÕ]ÕWNAc:ZLsJV[\YopL%X%S"LBWdXbG2hiW»SbW¥s\dZQTSµ\AQ)W¥f[L%eAKMLgQTSWYQJhMSUGJL%Q)X%\AKMsJt_S[LxÓÁ\AV
LBWdXbGfnLgeAKMLgQTS$SUGJLµX%LgQTSUVn\YZhWYQJh¥SUG_LµÕWYVneALgfS	hZfSbWYQJX%L"WdÕ\YQJeVUWYh_ZWdÕ4h_Z]V[L%X%SnZ\AQ_f$\dÓJWdÕ½Õ4sJVn\YopLgX,SULghhiWdSUW
sy\YZQTS[f]R  LSUGJL%QmLJS¯W2fZKMs_Õ]LXÈK)L%f[GÈ\dÓmXPN4Õ½ZQJh_VnZ]XBWdÕ	SU\Asy\YÕ]\Ae\N\AQTSU\)SUG_Z]f¯eYLgQJL%VUWdÕ½Z^%LghÈX N4Õ]Z]QJhJVZXgWdÕ
f[t_VnÓ>WYX%L\RrFHGJLKMLgfnGEGiWYQJhÕL%f¯ZQ_Xg\AKMs_Õ]L%S[LhiWdSUW2ÔyLgXgWYtJf[LZ]SrZQTSUL%V[sy\YÕWdSUL%frSUG_LsiWYVSUf ZGJLgQEQ_\¿hiWdSUW
Z]frWBdWdZ½ÕºWdÔ_ÕLUR"FHGJL¥YWdVnZWYQJXgLz\YÓ	VUWdh_Zt_frhJL,SUL%V[KvZQ_LgfSUGJLzQ4tJKÔyLgVx\YÓ$AL%VnS[Z]XgL%f¯\YÓ$SUG_LzZ]Q_Z½S[ZWdÕKMLgfnGiR
FHGJLZ]Q_Z½S[ZWdÕ½Z^gWdS[Z]\AQÈ\YÓs_ÕWYQiWYVxKMLgf[G_Lgf¾Z]frfZKvZ½ÕºWYVxSU\)SUGJLXPN4Õ½ZQJh_VnZ]XBWdÕXBWYfnL\RPRQJfnS[LBWYhÆ\YÓ¸SUG_LWt®Z]f
\YÓµKvZ]Q_ZKtJKZ]QJL%VnS[ZW_cIZLvhJLXLiQJLS[GJLÃs_ÕWYQJL\YÓµK)Wt®ZKtJKZ]QJLgVS[ZW_csiWdf[fnZ]QJeS[GJV[\At_eAGÆSUG_LÃXgL%Q4S[V[\YZ]h
³WYQJh2h_ZVnLgX,SULgh¿ÔENvS[GJLxh_ZVnLgX,S[Z]\AQ\YÓ7K2WbZ]Kt_K{Z]QJLgVS[ZW1R  Lrs_V[\YopL%X%SHhJWdSbWzs\dZQTSUf\AQTSU\zSUGJLxs_ÕWYQJLdc
WYQJhEX%\AKMsJt_S[LÓÁ\AV¯LgWYXbGEs_ÕWYQiWYV¯L%Õ]LgKMLgQTSUf%cSUGJLÃWYLgV[WYeALÃGJL,ZeYG4S¯ÓÁV[\AK SUGJLs_ÕWYQJL\RzFHG_LÃYWdVnZWYQJXgL\YÓ
GJL,ZeAGTSxhJL,SULgVnKvZQJL%frS[GJLzQ®t_KÔyLgVx\YÓ	YLgVS[Z]XgLgfr\YÓ$SUGJL¥Z]Q_Z]SnZºW»Õ&KMLgf[GBR
qdJWdK)sÕL%f¯\YÓ	f[sJG_LgVnZ]XBW»ÕckXPN4Õ½ZQ_hJVnZ]XBWdÕ	WYQ_h^s_ÕWYQiWdVK)L%f[GJL%frZ]feYZ]YLgQ^WdS9LieAt_V[Lgf"2!_c }WYQJh  FR
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~	Z]eAtJVnL 2!Fl_W:cxFHGJLs_VnZ]QJX%Z]s_Õ]LÓÁ\AVZQ_Z½S[ZWdÕ½Z^,ZQ_eW2fnsJGJLgVZXgWdÕ¸KML%f[G lHLgWYXbGEhiWdSUW2sy\YZQTSrZfrsJV[\YopL%X%S[Lgh
\AQ¿WfnsJGJLgVnL2B_<Ô=cµFHGJL¯fntJVnÓ>WdXgLZQ2f[sJGJL%VnZ]XBWdÕXg\®\AVnh_ZQJWdSUL%f"S[GiWdS"LgQJX,Õ\Yf[LgfSUGJLxVUWYQ_eALxZ]K)WYeAL\YÓW¥ÓÁ\®\YS 
_<XYcFHGJLzfnZ]K)sÕL
ÆKML%f[G LJSx\AQSUGJLzsJVnL%4Z\YtJfrfnsJGJL%VnZ]XBWdÕ$f[t_VnÓ>WYX%L2
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Centroid of the
slice
Axis of minimum inertia
Spine 
of the cylinder
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~	Z]eAtJVnL }\l _WcµFHG_L¯Wt®Z]f\YÓ7KvZQ_Z]K)WdÕkZQ_LgVnSnZºWc®S[GJLrfns_Z]QJL¾WYQ_h2SUG_LrfÕ]Z]XgL%fHtJf[L%h2ÓÁ\AVµSUG_LxZ]Q_Z½S[ZWdÕ]ZQ^BW»S[Z]\AQ
\YÓkWrXPN4Õ]Z]QJhJVZXgWdÕiKMLgfnG =_<Ôc	FHGJLHfntJVnÓ>WdXgLZ]QÃXPN4Õ½ZQ_hJVnZ]XBWdÕJXg\®\AV[h_Z]QiWdS[Lgf$SUGiWdSLgQJX,Õ\Yf[Lgf¸S[GJLV[WYQJeAL"ZK)WYeYL
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 L¾SUG4tJfXg\AKMsJtSUL¥ÓÁ\AVHLgWYXbG!YLgVSULXcJZ½SUfh_Z]fnSUWYQJX%LÓÁVn\AK{S[GJL¥X%Õ]\AfnLgfnSxhiW»SbWvs\dZQTSUfWdQJh ZL¥ÕWYÔL,ÕSUG_L
Ó>WYX%LgfdZGJ\Yf[LYLgVnSnZX%LgfµGiWBALHW¯h_Z]fnSbWdQJXgLHeYV[LBW»SULgV	SUGiWYQSUGJLV[L%ÓÁL%V[L%QJXgLh_Z]fnSUWYQJX%L  VnL%Ó RFHGJ\AfnLÓ>WYXgL%fmWYVnLeTWdS[GJLgVnLghvZ]Qvf[L%S[fµ\YÓyXg\AQJQ_LgX%S[Lgh)Xg\AKMsy\AQJL%Q4S[fmXBWdÕ½Õ]Lgh 	 + 3XR¸FHGJL%QZZ]S[GMS[GJLGJL,ÕsM\YÓkSUG_LHSU\Asy\YÕ]\AeYZ]XBWdÕ
\AsyLgV[WdSU\AV  !
	
c_LBWYXbGu^g\AQJL¥Z]fV[LgKM\AL%h^ÓÁVn\AKS[GJLzK)L%f[GÆWYQJh!WvXg\AQTSU\YtJVZfXgVnLBWdS[Lgh^WYV[\YtJQJhSUGJLzGJ\YÕ]L\R
FHG_Z]frX%\AQTSU\At_VrW»Ó´SULgVHÓÁLXZ Z½SUL%VUWdSnZ\AQ_fgcHZZ½Õ]ÕhJL,ÓÁ\AV[KSU\MX%Õ]\Af[L,ÕQN L_SxS[GJLzGJ\YÕ]LzLX®ZfS[Z]QJe2Z]QSUGJLzhiW»SbWYfnL%SYR
qdJWdK)sÕLr\YÓ7S[G_ZfWdÕ]eA\AVZ]S[GJKÉZ]fhJL%KM\AQJfnS[VUWdS[Lgh¿ÓÁ\YVµS[GJLV[L%Xg\AQJfSUVntJX%SnZ\AQ¿\YÓ&WzfkT4t_Õ½Õ7KM\®hJL%Õj_ LieAtJVnL
YN:c	WYQJhÃÓ>WYX%LHKM\hJL,Õ/_ LieAtJVnL    cXR~i\AV	S[GJLHfkT4t_Õ½Õ<c®G_\YÕL%fmGiWYfmÔyLgL%QvXgV[LgWdSUL%h)WdS¸SUG_LHÕL,AL%ÕJ\YÓkSUGJL\AVnÔ_Z½SUfgc
SUG_LQ_\Af[LWYQJhSUG_LzÓÁ\YVUWYKMLgQBR3S¾S[GJLgV ^%\AQJLgfxGiWBALQJ\YSÔyLgL%Q^X%t_SxhJtJL¥SU\MSUG_L%Z]VxfnK)WdÕ]ÕfZ^%L\R
FHGJL¯L
_WYKMs_ÕLr\YÓ7S[GJLÓ>WYXgLf[G_\bZf3ZG:N)S[G_Z]fsJVn\X%LghJt_V[L¯XgWYQJQJ\dSÔyLxK2WdhJLxÓÁtÕ]ÕWN)WYt_S[\AK)WdS[Z]X\RmFgZ\
^g\YQJLgfGiWBAL¿Z]QJhJL%Lgh ÔyLgL%Q XgVnLBWdS[Lgh+l\AQJL2WYV[\At_QJh S[GJL¿tJs_sL%VsiWYVS\YÓHSUG_L2GJLgWYh WYQ_h WdSSUGJL)QJL%XT
Õ]L%AL,ÕR"FHGJLD^g\YQJL¯W»S"S[GJLSU\As)\YÓ7S[GJLxGJLBWYh)Xg\YV[V[L%f[sy\AQJhJf"SU\KvZfnfnZ]QJeÃGiWdZ]VµhiWdSUWhJt_LxS[\S[GJLxÕ½Z]KMZ½SbW»S[Z]\AQ
\YÓ&S[GJL¥WYXPO®tZfZ]SnZ\AQS[LgXbGJQ_\YÕ\Ye\NRt_SSUGJL-^g\AQJL¾WYV[\At_QJhSUGJL¯QJLgXT)hJ\®LgfHQJ\dSXg\AVnV[L%f[sy\AQJhSU\LX®ZfS[Z]QJe
sJG:N®fnZ]XBWdÕs\dZQTSUfWYQJh f[GJ\AtÕh ÔyL2X%t_SYR!FHGJL%V[L,ÓÁ\AV[LdcdZL¿XBWYQ V[tJQ S[GJL)GJ\YÕ]L¿XgVnLBWdSnZ\YQ KM\hJtÕL)ZQ WYQ
Z]Q4S[LgV[WYX%SnZ]YLvK)\®hJL!ZG_LgV[LSUGJLÃt_f[LgV¯XBWYQÈfnsL%X%Z½Ó NÆS[GJL!^%\AQJLgf¾S[\¿ÔyLÃXgtS¾ÔiWYfnLghE\AQEGZf-T®Q_\bZÕ]Lgh_eALv\YÓ
SUG_LzS[VnZ]h_Z]K)L%QJfnZ]\AQiW»Õ	fnXgL%QJL\R
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fnZ]K)sÕL
 KMLgfnGc¸WGJ\YÕ]LMZfWYQ pLgKMs_S[N  MÓ>WYX%L2fntJV[Vn\AtJQJh_Lgh
Ô:NEW¿X%\AQTSU\At_V]R f¯KM\AQJeW»Õ]Õ	siWdZ]V¾\YÓ"Xg\YQ4S[\AtJVnf¾f[tJVnV[\At_QJh_Z]QJe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L%XBWYtJfnL¯fZKMs_Õ]LX¿KMLgf[G_LgfWYVnLrhZfnXgV[L,SUL¾VnLgsJVnLgfnLgQTSbWdSnZ\YQ\YÓfntJVnÓ>WYX%Lgf%cSUG_L¯eA\®\h_QJLgfnf\YÓ LJS\YÓWKML%f[G
QJ\YSH\AQ_ÕWNhJL%sL%QJhJf\AQSUG_L¾h_Z]fnSbWdQJXgLz\YÓAL%VnSnZX%LgfSU\ÃS[GJL¾hiWdSUW_cJÔJtSWdÕ]f[\v\AQSUG_L¾V[L,ÕºWdSnZ]YL¥Õ\®XBWdSnZ\YQ\YÓ
AL%VnSnZX%Lgf\AQ S[GJLvf[t_VnÓ>WYX%L2\AÔopLgX%S]RfeA\\®hEfnS[VUWdS[Lge\NÆZf¾S[\!X%\AQJX%LgQTSUV[WdSULMAL%VnS[Z]XgL%fS[\bZWYVnhJfzsiWYVnS[f¥\YÓ
G_Z]eAG!XgtJVYW»SUtJVnLzZ]QTSU\)\AV[h_LgVHSU\)\As_SnZKvZQ^gL¥SUG_LfnGiWYsyLzhJLgfnXgVnZ]s_SnZ\AQBR
FHGJL K)L,SUVZX siWYV[WYKML%SUL%V[f   
     #  !  #  	   Xg\AQTS[V[\YÕ¥S[GJL9V[L%ÕWdSnZ]YL h_Z]fnSUWYQJX%L \YÓÃW YLgVSULX S[\Z½SUf¥SUGJVnLgLMQJL,ZeAG4Ôy\AVnZ]QJeAL%VnS[Z]XgL%f]R S¥t_VzWdÕeY\AVnZ½SUGJKtJsyhiWdSUL%f¥SUGJLvdWdÕ]tJLgf\YÓ"SUGJLMKML%S[VnZ]X)sJWYVUWYKML,SULgVnf
hJL%sL%QJh_Z]QJe¿\AQS[GJLzK)LgWYQ!XgtJVYW»SUtJVnLzdWdÕ]tJL%fr\YÓ	QJL,ZeAG4Ôy\AVnZ]QJeMAL%VnS[Z]XgL%f]R
HWYfZXgWdÕ]ÕWNAcHS[GJL^WdÕeY\AVnZ½SUGJK \YsL%VUWdS[Lgf2WYf)ÓÁ\dÕ]Õ]\VZful!ALgVS[Z]XgL%f\YÓ¾Õ]\VZ KMLBWYQ XgtJVYW»SUtJVnLÆKvZeYVUWdS[L
SU\VZWYV[h_f¿QJL,ZeAG4Ôy\AVnZ]QJe YLgVS[Z]XgLgf¿\YÓ¾VnL%ÕWdS[Z½AL,ÕQN ÕºWdV[eAL%V2KMLBWdQ XgtJVdWdSUtJVnL ZG_LgV[LgWYf¿YLgVnSnZX%Lgf\dÓ¥G_Z]eAG
KMLBWYQMX%tJVndWdS[tJV[LGiWBYLxKML,SUVnZ]XsiWYV[WYKML%S[LgV[fµX,Õ\AfnLHSU\ 
	
ZQM\AVnhJLgV	SU\z\AÔ_SUWdZQMW¾t_Q_Z]ÓÁ\YV[KÉX%\AQJX%LgQTSUV[WdS[Z]\AQ
WdSG_Z]eAG_ÕWNX%tJVnYLghÈsiWdVnSUfPR
FHGJL9Xg\AQ_XgLgQTS[VUWdSnZ\AQ \YÓAL%VnSnZX%LgfZfeY\CYLgVnQJLgh ÔEN SUGJLÈÕ]\®XBWdÕ¯KMZ]Q_Z]KvZ^gWdS[Z]\AQ \YÓWYQ LgQJL%V[e\N    cÓÁtJQJX,S[Z]\AQÆ\dÓ¸SUGJLzdWYVnZWdSnZ\AQ!\YÓK)LgWYQÈX%tJVndWdS[tJV[LUR  LsL%VnZ]\hZXgWdÕ]ÕWNtJsyhiWdS[LS[GJLKML,SUVnZ]XsJWYVUWYKML,SULgVnf
dWdÕ]tJLgf-l	Z½Ó   Z]fS[GJLYW»ÕtJLx\YÓSUGJLxKML%SUVZXrsiWYV[WYKML%SUL%V[fWdS"Z]S[LgVUW»S[Z]\AQ 
c4SUG_LgQ5ZLrX%\AKMsJt_S[LrSUG_LrKML%S[VnZ]X
siWYV[WYKML%S[LgVxWdSZ½SULgV[WdS[Z]\AQ

  ÈWdf]l
   
!       
FHGJLzLgQ_LgV[eUN    Z]fxh_LPLiQJL%hÆfZKvZ½ÕºWYVÕQNS[\vSUGJLzLgQ_LgV[eUN    \dÓLPO®tJWdS[Z]\AQ }N l
   
          ! _ 2!:c
ZGJL%V[L   Zf¥X%\AKMsJt_S[Lgh WYfzW¿ÓÁtJQJX,S[Z]\AQ9\YÓmSUG_LÃYWdVnZWdS[Z]\AQE\YÓµSUG_LMWYÔJf[\dÕt_S[LÃdWdÕt_Lv\YÓmSUGJLvKMLgWYQ9XgtJVp`dWdSUt_V[L\R  LMhJLgVZ]YL2SUG_L)L
sJV[L%f[fnZ]\AQ \dÓ    Ô:N~LiV[fSXg\AQJfZh_LgVnZ]QJe!SUGJLMKMLBWYQ dWdÕt_L)\dÓS[GJL)WYÔJf[\dÕt_S[LKMLBWYQX%tJVndWdS[tJV[L  8   
   8     8     8     1R  L¯S[GJLgQX%\AKMsJt_SULrSUGJL¾VnL%ÕWdS[Z½AL¯K)LgWYQXgt_VndWdSUt_V[LzhJL%4ZWdS[Z]\AQAL%X%SU\YV 8   l
 8   

				


   (    (   (    (    (   (    (    (   ( 


  

 
	 àiÚ  ÜRà  Ý  à  Ü  ¨Þ$â 	 ! Ü"  Ü NT
  è   
       
~	Z]eAtJVnL"   l _<W:cmÖ¯L%ÓÁ\AVnK)WdS[Z]\AQ)\YÓ&WzKMLgf[G)ZQZ]SnZºWdÕ½ZQ^gLghWYf"WfnsJGJLgVnL¯\AQ)hiWdSUWVnLgsJVnLgfnLgQTS[Z]QJevW¥AL%VnSUL%ÔJVUW
_<Ôc e\YÕ]\AVMXg\®h_Z]QJe \dÓ¯SUG_L^h_Z]fnSUWYQJX%L^SU\9SUG_L^hiW»SbWh_<XYc)FHG_LÈWYt_S[\AK)WdS[Z]XGJ\YÕ]L^X%V[LgWdS[Z]\AQ W»ÕeA\YVnZ½SUGJK
eAL%QJLgV[WdSUL%fS[Z\ÆGJ\dÕL%f _<hczFHG_L)S[Z\ÆX%\AQTSU\AtJVnfWdV[L)K)L%V[eAL%h WYQ_h S[GJL2KML%f[G GiWdfW!eALgQ4tJfL]O4tiW»Õ"S[\
\AQJL 
  ó'XtXX
N   	  ] àà 
 L!Õ½ZQ1T SUGJLdWdÕ]tJL^\dÓ¯SUG_L^VnL%ÓÁLgVnLgQJX%L^KML,SUVnZ]XÆsJWYVUWYKML,SULgV   ZZ]S[G S[GJL^VnL%ÕWdS[Z½AL^KMLBWYQ XgtJVdWdSUtJVnLhJL,®ZWdSnZ\AQAL%X%S[\AV]l
   


  
   8   _ }bc

  ZfWX%\AQJfSbWYQTS"SUGiWdS"X%\AQTSUV[\dÕfµSUGJLxLX®S[LgQTS\dÓ7SUG_L¯WYhJWYs_SbW»S[Z]\AQM\YÓ7S[GJLrfZKMs_Õ]LX2KMLgfnGWYQJhMZ]ftJfntiWdÕ½ÕQNXbGJ\AfnLgQ ÔyL%S[ZLgL%Q !1R !ANWYQJh !FR    R r\VZL%YLgVgcfnZ]QJXgL¿WdÕ]Õ"KML%S[VnZ]X2sJWYVUWYKML,SULgVnf    fnGJ\At_Õ]h ÔyL)eAV[LgWdSUL%VSUGJWYQ !1R !   WYQJh!ÕL%f[f¯S[GiWYQ !FR ANYN_cHZLK)WVN!X%\AKMsJt_SULW)dWdÕ]tJL\YÓ 
  fntJÔJfSbWYQTS[ZWdÕ½ÕQNÕ]\VZL%V¯SUGiWdQ !1R !   R~	Z]QiWdÕ½ÕQN5ZLzGiWBALUl
   
!            _  c
FHGJL ZL,ZeYG4S'!1R   LgQiWYÔÕL%fW¥f[KM\®\YSUG_LgVmdWYVnZWdS[Z]\AQM\YÓSUGJLKML%S[VnZ]XxsJWYVUWYKML,SULgVnf\YLgVµS[Z]K)LUR¸PRQ)sJVUWYX,S[Z]XgLdc
ZLvXbGJ\\Yf[LÃSU\¿tJshJWdSULS[GJLvKML%S[VnZ]XÃsiWYV[WYKML%SUL%V[f¥L,ALgVN   
  ¿Z½SULgV[WdS[Z]\AQÈZ]QE\AV[h_LgV¯S[\fnSUWYÔ_Z½Õ]ZQ^gLvSUG_L
KMLgfnGÆÔyL%ÓÁ\AVnL¥V[L,`¢L%dWdÕ]tiWdSnZQJeMSUG_LKMLgWYQ^X%tJVndWdS[tJV[Lz\AL%VxS[GJLzKMLgf[GBR
~	Z]eAtJV[L Y f[G_\bZf!SUGJL LPvLgX,SÆ\dÓSUG_L KMLgfnGÊWYhiWds_SbWdSnZ\YQ \AQ W V[\AtJQ_hJLgh XgtJÔyL\R FHG_L KML%S[VnZ]X
siWYV[WYKML%S[LgV[f¯WYV[L¥Z]Q_Z½S[ZWdÕ]ÕWN!L]O4tiWdÕ$SU\ 
	
R fxÓ´SULgVSUG_LKMLgfnGEWYhiWds_SbWdSnZ\YQciALgVS[Z]XgL%f¾Q_Z]XgL%ÕWN!Xg\AQ_XgLgQTS[VUWdS[Lgf
WdSG_Z]eAG_ÕWNX%tJVnYLghÈsiWdVnSUf%cJSUGJL¥Õ]L%YL%Õ$\YÓ	Xg\AQJX%LgQTSUV[WdS[Z]\AQ!ÔL,ZQ_e2X%\AQTSUV[\dÕ]Õ]Lgh^ÔEN¿SUGJL¥dWdÕ]tJLz\YÓ 
  R
  	 2	  ! Í ÍMpÍ  ÍFp M 1 okÑ trÁV 
Ø^L%f[G WdhiWYs_SUWdS[Z]\AQ \As_S[Z]K)WdÕ½ÕQN KM\AL%f2YLgVnSnZX%Lgf)SU\VZHWdV[h sJWYVnS[f)\dÓ¯G_Z]eAG XgtJVdWdSUtJVnL\R r\VZL,AL%VgcHSUG_L
f[GJWYsL^hJLgfnXgVZs_SnZ\YQ Zf)Õ]Z]KvZ]S[Lgh Ô:N S[GJLÆQ4tJKÔL%V¿\YÓ¾YLgVS[Z]XgLgf¿\YÓ¯S[GJL^Z]Q_Z½S[ZWdÕxK)L%f[GiR L!S[GJLgVnL%ÓÁ\AVnL
Z]Q4S[V[\®hJtJX%LWzKML,SUGJ\®hvÓÁ\AV¸V[LXLiQ_Z]QJeW¾fnZ]KMs_ÕL
)KMLgf[GMZ]Qv\AV[hJL%V¸SU\¥X%\AQTSUV[\dÕJZ]S[fmh_Z]fnSbWdQJXgLSU\¾S[GJL\AVZeYZ]QiWdÕ
hiWdSUW1R
 LrV[LXLiQJL¯Ó>WYX%LgfH\dÓWKMLgfnGWYXgX%\AV[hZQJeSU\ÃfnL%AL%VUWdÕ7XgVZ]S[LgVnZWZ]QJX%Õ]tJh_Z]QJevX%tJVndWdS[tJV[Ldc_h_Z]fnSUWYQJXgLrÓÁV[\AK
WvhiWdSUWYf[L,SBckWYVnLBW)WYQJhÓ>WYXgLzL,Õ\AQ_eTWdS[Z]\AQiRµFHG_LtJfnLgVK)WYNXg\AKÔ_Z]QJLghÈfnL%YLgVUW»Õ	X%VnZ½SUL%VnZWMZ½Óh_LgfnZ]V[L%hiR
~i\AVLgWYXbGvÓ>WYXgLdcZLX%\AKMsJt_SULW¾VnLPLiQ_LgKMLgQTS"KMLBWYfntJV[LHS[GiWdSmhJL%f[X%VnZ]ÔL%f'ZG_L%SUG_LgV¸SUG_LHÓ>WYXgLZ]fmW¾eA\®\®h
XBWdQJh_Z]hiWdSUL¥ÓÁ\AVVnLPLiQ_LgKMLgQTSYRFHG_Z]fxVnLPLiQ_LgKMLgQTS¾KMLgWYf[tJVnLZ]fXgL%Q4S[LgVnLghÈWdV[\AtJQ_h }R !1R
FHGJL¥V[LXLiQJL%K)L%QTS¯W»ÕeA\YVnZ½SUGJKSbW\TdLgfs_ÕWYX%L¯ZQ!WYQ2Z]S[LgVUW»S[Z½ALzK)WYQJQJL%V_<fnLgLaLieAt_V[L A _<W:ckc
R  LLiV[fS
Õ]\\T2ÓÁ\AVSUGJLzÓ>WYXgLGiWB4ZQ_e2SUG_LK)Wt®Z]KtJK V[LXLiQJL%K)L%QTS¥KMLBWYfntJV[LURHP¢Ó¸SUG_LKMLBWdf[tJVnLZ]f¯WdÔ\ALW)edZ]YLgQ
V[LXLiQJL%K)L%QTSS[GJV[L%f[GJ\YÕ]hcEZLxV[LXLiQJLSUG_LÓ>WdXgLÔ:NvXgVnLBWdSnZQJeW¥QJLPZ LghJeAL9ZZ½SUGMSUGJLS[\As\dÕ\AedZXgWdÕi\AsyLgV[WdSU\AV
 !
!
R^FHGJL¿KMLgfnG ZfSUGJL%Q Õ]\XgWdÕ]ÕWN f[KM\®\YSUGJL%h WYVn\AtJQJh S[GJL¿Q_LPZÕWN X%V[LBW»SULgh LghJeALURÆPRQ \AV[hJL%VS[\mTYL%Lgs
SUG_LQ4tJKÔL%V¯\YÓ$AL%VnS[Z]XgL%f¾syLgVÓ>WYXgLztJQ_Z½ÓÁ\AVnK \AQ!S[GJLK)L%f[Gc=ZLZ½SUL%VUWdSnZ]YL%ÕWN^fZHWdsÈLghJeYLgfrWYhYoWYX%LgQTSrS[\
ÕWYV[eALÓ>WYXgL%f]RµqµWYXbGvS[Z]KMLWYQMLghJeALHZ]fmf(ZWYsJsyLgh7c4S[GJLKMLgfnG)Z]f¸Õ\®XBW»Õ]ÕWNÃfnK)\®\YS[GJLgh)WYVn\AtJQJhÃS[GJLf(ZWYsJsyLgh
Lgh_eAL¥WYf3ZL,Õ]Õ R"~	ZQJWdÕ]ÕWNAcqZL¥VnLgX%\AKMsJt_SULrSUGJL¾VnLPLiQ_LgKMLgQTSKMLBWYfntJV[L¾ÓÁ\YVHWdÕ½ÕÓ>WdXgLgfKZGJ\Af[LrALgVS[Z]XgL%fxGJWYL
KM\ALghBR  L¥Z]S[LgVUW»SULztJQTS[Z½ÕQJ\MÓ>WYXgL¥GiWdfrWMV[LXLiQJL%K)L%QTS¯KMLBWdf[tJVnLWYÔy\AL¥SUG_LzS[GJV[L%f[GJ\dÕhiR
LgXgWYtJfnLSUGJLeALg\YK)L,SUVN\dÓJSUGJLKMLgf[GZf	K)\®h_ZWLiLgh\AQ_ÕWNWdV[\AtJQ_hSUG_LV[LXLiQJL%hÃÓ>WYXgL%fgcdS[GJLHW»ÕeA\YVnZ½SUGJK
Xg\YQ4YLgVneALgfO®tZXT ÕWN WYQ_h Z]fQ_\YSzS[Z]K)L)Xg\YQJf[tJKvZ]QJeHR~itJVSUGJL%V[KM\AVnLYcZ]SzZ]fzZ]KMs\YVnSbWdQ4SSU\!f(ZWYs LghJeAL%f
WYhYoWdXgLgQTSSU\!ÕºWYVneALvÓ>WYXgL%fZ]Q \YV[hJL%VS[\ÆeAtiWdVUWYQTS[N WK)L%f[G ZZ½SUG G_ZeYG eAL%\AKML%S[VnZ]X¿sJVn\AsL%VnSnZL%f5_>f[K)WdÕ½Õ
h_Z]fnSUWYQJXgLvS[\SUGJLÃhJWdSbWYfnL%Sc¾WYfZL%Õ½Õ"WYf¾G_Z]eAGESU\Asy\YÕ]\AeYZ]XBWdÕ	sJVn\AsL%VnSnZL%f _<Q4tJKÔyLgVz\YÓµYLgVnSnZX%LgfzsyLgV¾Ó>WYX%L
X%Õ]\AfnLS[\2cXR
  

 
	 àiÚ  ÜRà  Ý  à  Ü  ¨Þ$â 	 ! Ü"  Ü NA
  è    
          î 
~	Z]eAtJVnLY1l@_W:c¿FHG_L9Z]Q_Z½S[ZWdÕ¾KML%f[G ZZ]S[G S[GJLÈZ]f[\AfntJVnÓ>WYX%L2 _<Ô=cMSUGJLEKMLgfnG L_S\AQSUGJLÈZ]f[\Yf[tJVÓ>WYXgLUR
FHGJL2K)L,SUVZX2siWYVUWdK)L,SUL%V[fÃWdV[L)L%AL%V(NEZGJL%V[LL]O4tiW»Õ"S[\ 
	
 _>XVczFHGJLWYhJWYs_S[Z½AL2KMLgf[G ZZ]S[G W!dWdÕ]tJL)\YÓ

  
   M_>h=c¯FHGJLÃWYhiWYs_SnZ]YLvKMLgf[G~ZZ½SUG9W¿dWdÕ]tJLÃ\YÓ 
  
  x_<LYc¯FHGJLvWYhJWYs_S[Z½ALvKML%f[G~ZZ]S[G9WdWdÕ]tJLz\YÓ 
  
  2FR
  ó'XtXX
  !  	  ] àà 
FHGJLzÓÁ\AtJVXgVZ]S[LgVZ\AQ!KMLBWYfntJV[L%f¯WdV[LzXg\AKMsJtSULghÆWYfHÓÁ\YÕ½Õ\VZfhl
! Í  Í 1>br yÍ J Í  Ñ=|  | i Í lP¢SZ]fXg\AKMsJt_S[LghEWdfS[GJLzVUWdSnZ\)\YÓWMÓ>WdXgLWYV[LgW)Ô:NS[GJLS[\YSbW»ÕWYV[LgW
\YÓWvKMLgf[GBR
! ÍÈÍ 1 Ñ po _br ÑIp Ñ=|  | J Í lP¢SrZ]fxXg\AKMsJt_S[LghEWdf s_Õ]tJfrS[GJLhZQvLgVnLgQJX%L\YÓ¸Õ]LgQ_eYSUG^ÔL,S[ZL%LgQÈSUG_L
Õ]\AQJeAL%fnSLghJeYL¾WYQJh)SUGJLrf[K)WdÕ½ÕL%fnSLghJeALr\YÓWzÓ>WYXgLdch_Z½4Zh_LghÔ:NMSUGJLrKMLgh_ZWYQ¿dWdÕ]tJLx\YÓSUG_LrÕ]LgQJeYS[G
\YÓ$SUG_LzÓ>WdXgLzLghJeYLgf]R
! Í  Í i Í!Ñ=|   $BYrÁ p   _  Í lµP¢SxZ]fxL%dWdÕ]tiWdSUL%h!S[GJV[\YtJeAGSUGJLzXg\YK)s_t_SbWdSnZ\YQÆ\YÓWYV[LgW
\YÓ$SUG_LfnsJGJL%VnZ]XBWdÕ$sy\YÕQN®eA\YQ!h_Lgf[X%VnZ]ÔL%hÆÔ:NSUG_LQ_\AV[K)WdÕYLgX,SU\AVx\AQSUGJL zWYtJfnfnZWYQ^fnsJGJL%V[L\R
! Í  Í 1>br yÍ Òr<%B p  Í  Ñ   Ò_ lP¢S"ZfµÔiWdf[Lgh2\AQMSUGJLxVUWdSnZ\z\YÓSUGJLh_Z]fnSUWYQJX%LxS[\S[GJLrX,Õ\Yf[LgfS
hiW»SbWvs\dZQTSxÔ:NSUGJLzV[WYh_Z]tJf  VnL%Ó \YÓ$SUGJLzXg\YV[V[L%f[sy\AQJh_Z]QJe)VUWYQ_eALzhiWdSbWFR
FHGJLV[LPLJQJLgKMLgQTSxSUGJVnLgfnGJ\YÕ]h!Z]fh_ZKML%QJfnZ]\AQ_Õ]Lgfnf¥WYQJhZ½SxZ]fHSUG_LgV[L,ÓÁ\AV[LzL,YW»ÕtiW»SULghZ]QJhJLgsyLgQ_hJLgQTS[ÕWN!\YÓ
SUG_LfnZQ^gL\YÓ¸SUG_LKMLgfnGiR¯FHG_LÃtJf[L%V¯XgWYQÈL%Z½SUG_LgV¯fnL%SzWMSUGJVnLgfnGJ\YÕ]hÈYW»ÕtJL\AVxf[L%Õ]LgX,S¥Xg\AWYV[fnLYcyK)L%h_Z]tJK\YV
LiQJLrV[L%f[\YÕ]t_S[Z]\AQiRµPRQ¿S[G_Z]fXBWdf[LYcSUGJLxSUGJVnLgf[G_\YÕhZ]fHWdt_SU\AK)WdSnZXgWdÕ½ÕQN)Xg\YK)s_t_SUL%hZQ\YV[hJL%VSU\V[LXLiQJLÃ}   c
   \AV   !\YÓ¸W»Õ]ÕÓ>WdXgLgfPR
FHGJL¿VnLPLiQ_LgKMLgQTSÃK)WYN9QJ\YSsyLgVÓÁ\AV[K ZL%Õ½Õ"ZQ9SUGJL)sJVnLgf[L%QJXgL2\YÓHfSUVn\AQJeÆQ_\YZfnL2\YV\Yt_S[Õ½ZL%V[f ZGJLgVnL
SUG_Lh_Z]fnSUWYQJXgLÔL,S[ZL%LgQESUGJLKMLgf[GÈYLgVS[Z]XgLgfzWdQJhÆSUG_LÃhiWdSUW)Z]f¯V[L,ÕºW»S[Z½AL%ÕWNÈGZeAGBR-fHSrSUGJ\AfnLÃsiWYVSUf%cSUG_L
V[LXLiQJL%K)L%QTS Z\AtÕh V[L%f[t_Õ½SZ]QWYX,SUtiWdÕ½ÕWN LJSnS[Z]QJe SUG_LÈQJ\YZ]f[LURÊFHGJLgVnL%ÓÁ\AVnLYc ZLEK)WYN \AQ_ÕWN WYs_s_ÕQN SUG_L
V[LXLiQJL%K)L%QTS¾sJVn\X%Lgf[fxWdSfnsL%X%ZWLiLghÆsiWYVnS\dÓ¸WvKMLgfnGiR
f¯f¯ÓÁ\YVxS[GJLvWYhiWds_SbWdSnZ\YQÈWdÕ]eA\AVZ]S[GJKcSUG_LV[LXLiQJL%K)L%QTSWdÕeY\AVnZ½SUGJK Z]f¾\AQ_ÕWN!sL%VnÓÁ\AVnKMLgh9WdSrL%YLgV(N= 
Z½SULgV[WdS[Z]\AQJfPR"FHG_ZfW»Õ]Õ]\VZ S[GJL¥KMLgf[GYLgVnSnZX%LgfSU\vQ_Z]XgL,ÕQN¿f[sJVnLBWYh!\AL%VHSUGJL¥fntJVnÓ>WYX%L¥\AÔ_opL%X%SYRµPRQeAL%QJLgV[WdÕ<c
ZLXbGJ\®\AfnLWÃdWdÕ]tJLz\YÓ  
 FR
  $ 
a$
g&(% ?GD03,3<1J[<F0M<1J'* > */C1G-2[<FC
	
	
  p  Íqp  ÍEÑ=| b Í Ò {dr po | JY Ñ 
S¾tJVhJL,ÓÁ\AV[K)WYÔÕLÈKM\®hJL%Õ¯ÓÁVUWYKMLPZ\AV(T Z]fÔiWYfnLgh \AQW xLPZSU\YQ_ZºWdQ ÕWYZ \YÓzKM\YS[Z]\AQ _<fnLgLELPO®tJWdS[Z]\AQ
}A}bcacyS[GiWdSxZQ_X%Õ]tJhJLgf¾S[GJLÃWdXgXgL,ÕL%VUWdSnZ\YQE\YÓmLBWdXbGÈALgVSUL
EWYQ_hEW2hiWdK)sZQJeÓ>WdX%SU\YVxZ]QÈ\AVnhJLgVxSU\¿s_V[L%YLgQTS
\AfnX%Z½Õ]ÕWdS[Z]\AQJfx\YÓ$SUGJLzfNfSUL%K RHØ^\AfSrh_L%ÓÁ\AVnK2WdÔ_ÕLzKM\®hJL%ÕfNfSUL%K)f%c\YQ!S[GJLzXg\AQTSUV[WYV(NYckWYV[LzÔiWdf[Lgh^\AQ!W
WYeAV[WYQJeYZWYQMÕºWYZ \YÓ&KM\YSnZ\YQcqZG_LgV[LxSUGJLrf[syLgL%h\YÓ&LgWYXbG¿AL%VnS[LX2ZfL]O4tiWdÕySU\SUGJLrf[tJK\YÓS[GJLZQTSUL%V[QiW»Õ
WYQJh!LX®S[LgV[QJWdÕ&ÓÁ\AV[X%L\R
PRQSUG_Z]fHfnLgX%SnZ\YQc1ZL¾Xg\AKMsiWdV[L¯S[GJL¾L$#)X,ZL%QJXPNS[GJL xLPZS[\AQ_ZWYQÕºWYZ \YÓKM\YSnZ\AQ ZZ]S[GSUGJLWYeYVUWYQ`
eYZWYQÕºWYZ \YÓKM\YSnZ\YQiR LzV[L%XBWdÕ½Õ&SUGJWdSSUGJLzh_Z]f[X%V[L,SUL rLPZS[\AQ_ZWYQ^ÕWYZ \YÓ	KM\YS[Z]\AQZ]f l
    
   
  
               _ YN:c  

 
	 àiÚ  ÜRà  Ý  à  Ü  ¨Þ$â 	 ! Ü"  Ü   }
Face Refinement
Local Smoothing
above threshold ?
Found a face
Swap Edges
Compute Criteria
  è          
~	Z]eAtJVnL AFl9_<W:c~	Õ]\VZ XbGiWYVnS\dÓ&SUGJL¥VnLPLiQJL%KMLgQTSrWdÕeY\AVnZ½SUGJK Q_<Ô=c3f fnZ]KMs_ÕL
KMLgfnG L_S\AQWÃf(N®QTSUG_L%S[Z]X
XgVn\Af[fZZ]S[GJ\At_SvVnLPLiQ_LgKMLgQTS _n}B2! YLgVS[Z]XgLgf c _<Ô=cÃØ!Lgf[G ZZ½SUG W!Õ\VZÕL,AL,ÕH\YÓVnLPLiQJL%KMLgQTS l _n}T !
AL%VnSnZX%Lgfc d_>XVcØ^L%f[G ZZ]S[GÆWMG_Z]eAGÕL,AL%Õ	\YÓ	V[LXLiQJLgKML%Q4S!_   !2!ÃAL%VnS[Z]XgL%fc 
 LQJ\YS[L¥SUGiWdSZ½Ó 
 
 AcJSUGJL%QÆLPO®tJWdS[Z]\AQ YN)X%\AV[VnLgfns\AQ_hJfxS[\¿W WYeAV[WYQJeYZWYQÕºWYZ \YÓ¸KM\YSnZ\AQBR3frfSUG_LhiWYKMs_Z]QJe)Ó>WYX%S[\AV 
 h_LgXgVnLBWYfnLgf¯S[\VZHWYVnhJf^%LgVn\JcyS[GJLLXv7L%X%S¯\YÓ¸SUG_LWYX%XgL,ÕL%VUWdSnZ\AQ^Ó>WYX%S[\AVxZ]QJX%V[LBWdf[LgfPR~i\AV 
 
 _c_SUG_Lh_L%ÓÁ\AVnK2WdÔ_ÕLzKM\®hJL%ÕÔyLgGiWBYLgf¾WdfrWvsyLgVÓÁLgX%Sx\AfnX%Z½Õ]ÕWdS[\AV]R
 L)GiWBALMSUL%fnS[Lgh S[GJLMLPvLgX,S\YÓ"SUG_L2hiWdK)sZQJeÓ>WYX,SU\AVz\AQESUG_L2hJL,ÓÁ\AV[K)WdSnZ\YQ \YÓfnZ]KMs_Õ]LX KMLgf[G_Lgf
\AQÆW)V[WYQJeALzZK)WYeYL\YÓmWMÓÁ\®\YSrWYQJh!ZQ_Z½S[ZWdÕ½Z^%LghEWdf¯WYQ^L%Õ½Õ]Z]sJfn\YZhBRrFHG_LhJL,ÓÁ\AV[K)WdSnZ\YQ^Z]f¯fnS[\AsJsyLghÆWdÓ´SUL%V
N"!Z½SUL%VUWdSnZ\YQJf]RµFHGJL¾Z]Q_Z½S[ZWdÕKML%f[Gsy\AfnZ½S[Z]\AQWYQJhS[GJL¾hJL,ÓÁ\AV[KML%hK)L%f[G ZZ½SUGWdWdÕ]tJL¾\YÓ 
 
  "ÃWYVnLf[G_\bZQ!ZQ LieAt_V[L  1R
PRQ LieAtJVnL Y_c1ZL¥GiWBALzfnS[tJh_Z]LghSUGJL¥hZfns_ÕºWdXgLgKML%Q4S¯\YÓAL%VnS[Z]XgL%frh_tJVnZ]QJeMhJL%ÓÁ\YV[K)WdS[Z]\AQÓÁ\AVf[L%YLgV[WdÕ
dWdÕ]tJLgf\YÓzS[GJLÈhiWYKMs_Z]QJe Ó>WYX,SU\AVPR©P¢SWYsJsyLBWYVnf¿SUGiW»SWYf 
 hJLgX%V[LBWdf[Lgf%c¯SUG_LÈf[syLgL%h \YÓzX%\AQTAL%V[eAL%QJXgLZ]QJXgVnLBWYfnLgf]R	r\VZL%YLgVgcDZGJLgQ 
 Zf¿f[K)WdÕ½ÕL%VSUGiWYQ  2cHÕºWYVneALÈ\AfnX%Z½Õ]ÕWdSnZ\AQ_fsJV[L,AL%Q4SS[GJLÈKMLgfnG S[\Xg\YQ4YLgVneALÃSU\VZWYV[hJf¾S[GJLÃfnGiWYsyLÃ\YÓmSUG_LVUWdQJeALÃhiW»SbW1R¥~i\AV 
 
  2cIZLv\AÔJfnLgVnYLÃSUGiW»S¯SUG_LÃV[L%f[t_Õ½S[Z]QJeKMLgfnGÆf[L,Õ]Óº`ZQTS[LgV[fnLgX,SUf]R
FHGJLxV[Lgfnt_Õ½SUffnGJ\VZ SUGJWdSµSUGJL rLXZSU\AQ_ZWYQ)ÕºWYZ \dÓKM\YS[Z]\AQMZf"KM\AV[LL #2X,ZL%QTSSUGJWYQ)S[GJL $WdeAVUWYQ_eYZºWdQ
ÕWVZ©\YÓ¸K)\dS[Z]\AQiRx\bZL%YLgV%cSUGJLXbGJ\YZ]XgLv\YÓ¸S[GJLÃhiWdK)sZQJe2Ó>WYX%S[\AV¯KtJfnS¥ÔyLÃeA\YLgV[Q_LghEÔ:NÈW)SUVUWdhJL\ v
ÔyL%S[ZLgLgQ L$#)X,ZL%QJXPN WYQ_h fSbWYÔZ]Õ½Z]S[N\RP¢Ó 
 Z]f¾SU\®\f[K)WdÕ½Õ<cSUGJLvKMLgfnG9K2WYNEQ_\YS¥Xg\YQ4YLgVneALvSU\VZHWdV[hJf¥SUG_LVnZ]eAGTSrf[GiWYsyLYcyLgfnsL%X%ZWdÕ½ÕQN ZGJLgQÈS[GJLK)L%f[GÈZ]fxÓ>WdV¯WYZWVNÓÁVn\AKSUGJLhiWdSUW1RHP¢Ó 
 Z]frS[\\)X%Õ]\Af[LÓÁV[\AK }\R!_cSUG_LgQ S[GJL!L$#)X%Z]LgQJX N \YÓ¯S[GJL^h_L%ÓÁ\AVnK2W»S[Z]\AQ s_V[\®XgLgfnf2Z]f2sy\®\AV]R PRQ s_VUWYX,S[Z]f[LYcKZL^XbGJ\\Yf[L^W9dWdÕ]tJL\YÓ

 
   FR
  ó'XtXX
    	  ] àà 
  è    
~	Z]eAtJVnL 1lD_W:cPRQ_Z½S[ZWdÕ½Z^gWdS[Z]\AQ^\YÓ	S[GJLzKMLgf[GÈWYV[\At_QJhSUGJLVUWYQ_eALzhiWdSbWv\YÓ¸WÃÓÁ\\YS_<Ô=cØ^L%f[GÆWdÓ´SUL%VN"!
Z½SULgV[WdS[Z]\AQJf9ZZ½SUG 
 
 "
0.0 10.0 20.0 30.0
Nb Iterations
0.0000
0.0005
0.0010
0.0015
0.0020
D
is
pl
ac
em
en
t
Influence of the damping factor
Damping = 1.0
Damping = 0.8
Damping = 0.6
Damping = 0.4
Damping = 0.2
  è
0.2 0.4 0.6 0.8 1.0
Damping Factor
0.0
10.0
20.0
30.0
40.0
D
is
ta
nc
e
Mean Distance after 30 Iterations
Median Distance after 30 Iterations
   
~	Z]eAtJVnL YFl5_<W:c eGiWYVnS\YÓSUGJL)KMLBWYQ h_Zfns_ÕWYXgL%K)L%QTSM\YÓYLgVnSnZX%LgfvWdfWÓÁtJQJX,S[Z]\AQ \YÓSUGJL)Q4tJKÔyLgV\YÓ
Z½SULgV[WdS[Z]\AQJfÓÁ\AVf[L%YLgV[WdÕdWdÕ]tJLgf\YÓHS[GJL¿hiWdK)sZQJe^Ó>WYX%S[\AV9_>Ô=cFHG_L¿KMLBWYQ WYQJh KML%h_ZºWdQ h_ZfSbWYQ_XgL2S[\
SUG_LV[WYQJeAL¥hJWdSbWvÓÁ\AVf[L,AL%VUWdÕdWdÕ]tJLgf\YÓ$SUGJLzhiWdK)sZQJeMÓ>WYX,SU\AV
  

 
	 àiÚ  ÜRà  Ý  à  Ü  ¨Þ$â 	 ! Ü"  Ü   N

    ïè    ¥înè%ó  zè &Béôç  ç  ï<îpý ù%çHú  ö<èaö<éëùgó ùgçHú  ö<è,ö>éüù%ó	èaö>î åyïï>ùgï åyïï<ù%ï ù%ø<ö7ù,ýöûî ù%ø<öùaýJö<ûî
ï>ùÁî  ö<éëùgó ¥înö<ûù  mò	æöï>înî
Áóéëö<éüè,ê ¥î[ø<û X 
	Cñ X"çHç Y¸çHç 
HçHç »ñçHø 
BñçHøò	îýù%ïçî  ¥înøû 
Cñ  »ñ 
çHç ñ çç çç »ñ tçHø ñV¸çHø
îdóCî  ¥înøû »ñ »ñ HçHç »ñ 
çç çç »ñ tçHø ñ 
çHø
~$ZeAt_V[LN"!1lxfrXgXgt_VUWYX N!WYQJhXg\AKMsJtSbWdSnZ\AQJWdÕXg\AfSx\YÓ	S[GJLzsJV[\dopLgX%SnZ\YQÆWYQ_huT4h`SUV[L%LzK)L,SUGJ\®hiR
	
	  y  1 _br Ñ p Ñ=|LR¾Í  |¢Ñ    p  ÍÑ=| b Í !1 Ñ  Í % ÏR¾Ñ r p M 1 oyÑ tr´b  
 LrGiWBYLrZ]Q4S[V[\®hJtJX%Lgh¿S[Z\ÃKML%S[GJ\h_f"ÓÁ\AVxLiQ_h_ZQ_eSUGJLxX%Õ]\AfnLgfnShiWdSUWsy\YZ]Q4S"ÓÁV[\YKWeYZ½AL%Q¿AL%VnS[LX R"FHGJL
, 	  3 & * 	 +  3 &)( 	 t_f[LgfxSUGJLXBW»Õ]Z]ÔJVUW»S[Z]\AQÆK)WdS[VnZ]XgLgfx\YÓmXgWYKMLgV[W»`RÔiWdf[Lgh^VUWYQ_eAL,`LiQJhJL%V[fSU\¿fnLBWYVnXbGÆSUG_L
X%Õ]\AfnLgfnSrsy\YZQTS¯WdÕ]\AQJevSUGJLQJ\AVnK)WdÕ&Õ]Z]QJLURHFHG_Z]frKML,SUGJ\®h^h_\L%frQJ\dSreYtiWYVUWdQ4S[N¿SU\ LiQJh^S[GJL¥SUVntJLX,Õ\Yf[LgfS
hiWdSUW^sy\YZ]Q4Sgc¸ÔJt_SZ]SZ]fÓ>WdZ]VnÕWN Xg\AKMsJt_SUWdS[Z]\AQiW»Õ]ÕWN L #)X%Z]LgQTSYR S¥Q SUGJL2\YSUGJL%VGJWYQJhcS[GJL5J  4&G 3 3zhiWdSUW
fnS[V[tJX,SUtJVnLYcdeYZ]YLgf$SUGJLµSUVntJLµX%Õ]\Af[L%fnS¸sy\YZ]QTS$ÓÁVn\AKÊWAL%VnSUL
cAÔJt_SWdS$WG_ZeYGJLgV$KMLgKM\AV(NWdQJhX%\AKMsJt_SbW»S[Z]\AQ
Xg\YfnSYR
PRQÈSUG_Z]f¥f[L%X%SnZ\AQ7ciZLvX%\AKMsiWYV[LSUGJLvWdXgXgt_VUWYX NEWYQJhÈS[GJLÃX%\AKMsJt_SbW»S[Z]\AQiWdÕL$#)X%Z]LgQJX NE\YÓµSUG_\Af[LS[Z\
KML%S[GJ\h_fH\AQ¿S[GJV[L%L¾XBWYfnLgfPRFHG_L¾SUGJVnLgL¾KMLgfnGJLgfWdV[L¯fnGJ\VZQV[LgfnsL%X%SnZ]YL%ÕWNZQ LJeAtJV[L   _<W:cWYQ_h LieAtJVnL
N_} _W:c _<ÔcXRFHGJLXN^X%\AV[VnLgfns\AQ_hÆSU\)SUGJVnLgLfnSbWdeALgfr\YÓmhJL,ÓÁ\AV[K)WdSnZ\AQ ZZ]S[GÆhJL%XgVnLBWYfZQJehZfSbWYQJX%LS[\2SUG_L
\AVZeYZ]QiWdÕhiWdSbW l"WdÓ´S[LgVHZ]Q_Z]SnZºW»Õ]ZQ^BWdSnZ\YQckWdÓ´SUL%VHSUGJLLiVnfnSxhJL,ÓÁ\AV[K)WdSnZ\AQ^WYQJh!WdÓ´S[LgVV[LXLiQJL%K)L%QTSYR
w®Z]QJXgLµSUGJL'T4h`SUV[L%LµK)L,SUGJ\®hzeYZ½ALgfSUG_LµS[V[tJLµX,Õ\AfnLgfS¸qmtJX,Õ]Z]hJLBWdQh_Z]fnSUWYQJX%L"S[\S[GJLµhiWdSUW_cVZL"L%dWdÕ]tiWdS[L
SUG_L¿WYX%XgtJV[WYXPN9\dÓSUG_L)s_V[\YopL%X%S[Z]\AQ K)L,SUGJ\®hc$Ô:N9Xg\AKMsiWYVZQ_e!ÓÁ\AVzLgWYXbG YLgVnS[LXcS[GJLMX%Õ]\Af[L%fnSÃhZfSbWYQJX%L
eYZ½AL%Q2Ô:NÃS[GJLsJV[\dopLgX%SnZ\YQ2KML%S[GJ\®h ZZ½SUGvS[GJLh_ZfSbWYQ_XgLeYZ½ALgQ)Ô:NS[GJL T®h®`¢SUVnLgLKML%S[GJ\®hiRMfrÕ½Õih_Z]fnSUWYQJX%Lgf
WYVnL¥K)LgWYf[t_V[LghÆWdÕ]\AQJevSUGJLzQJ\YV[K)WdÕ&h_Z]V[L%X%SnZ\AQ^WdSxWvAL%VnSUL
ckZ]Q\AV[h_LgVSU\MV[L%KM\CYLS[GJLzLPvLgX,Sr\dÓfnsiWYV[fnL
hiWdSUW1R$PRQSbWdÔ_ÕLN"!_cbZLXBWYQf[L%LSUGJWdS	S[GJLWYXgX%tJVUWYX N\YÓJSUG_LsJVn\YopLgX,S[Z]\AQÃKML%S[GJ\®hcdZ]QJXgVnLBWYfnLgf¸h_VUWYfS[Z]XBWdÕ½ÕQN
WYfSUG_LKMLgfnG^Z]frX,Õ\Yf[LgVSU\MSUG_LV[WYQJeALzhiWdSUW1RFHGJLYLgVS[Z]XgLgfDZGJLgVnLS[GJLLgV[Vn\AVV[L%K2W»ZQJfÕWYV[eALzL,ALgQÆ\AQ
SUG_L)VnLPLiQ_Lgh KML%f[Gc$Xg\AVnV[L%f[sy\AQJh9SU\siWYVSUfZGJLgVnL)S[GJLMVUWYQ_eALMhiWdSbWZ]f¥ZQJX%\AKMs_Õ]L%SULu_<fntJXbG WdfzS[GJLvS[Z]s
\YÓ¸S[GJLzÓÁ\\YScxWdQJh^S[GJLgVnL%ÓÁ\AVnLhJ\®LgfxQJ\YS¯GiWBALÃWdQ^Z]K)sy\AVSbWYQTS¯Z]Q1`it_LgQJX%LÃ\AQ^S[GJL\YLgVUW»Õ]Õ	f[GiWdsL\YÓ¸SUG_L
hJL,ÓÁ\AV[K)WYÔ_Õ]LzKM\hJL,ÕR
FHGJLX%\AKMsJt_SUWdS[Z]\AQiWdÕ	Xg\YfnS¾\dÓ¸Ôy\YSUG^K)L,SUGJ\®hJf¯WYV[LXg\AKMsiWYVnLghÆZ]Q^SUWYÔ_Õ]LÃN"!FRP¢S¾WYs_sLgWYV[fxSUGiWdSxSUG_L
L$#)X,ZL%QJXPNE\dÓmSUGJL T4h`SUVnLgLvKML%S[GJ\hÈZ]f¯Õ½ZQ1TYLgh~ZZ½SUGESUG_LÃVUWYhZtJf
 VnL%Ó \YÓµfnLBWYVnXbG WYV[\At_QJhÈSUGJLALgVSUL
WYQJh2SUGJL%V[L%ÓÁ\YV[L-ZZ½SUGS[GJL¯hZfSbWYQJX%L¾ÔyL%S[ZLgLgQS[GJL¯KMLgfnGWYQJh¿S[GJL¾hiW»SbW1R  G_LgQSUG_L¯KMLgfnGZf"Ó>WYVHWYZWVN
ÓÁV[\YK SUG_L^hiW»SbW_cµSUGJL T4h`SUV[L%LK)L,SUGJ\®h Zf= ÆS[Z]KMLgf)fnÕ]\bZLgVMSUGJWYQ S[GJLsJV[\dopLgX%SnZ\YQ KML%S[GJ\h7ZGJ\AfnL
Xg\YK)s_t_SbWdSnZ\YQiWdÕ	Xg\AfS¯Z]frZ]QJhJLgsyLgQ_hJLgQTSz\YÓ  VnL%Ó RS¾QÆSUGJL\YSUG_LgVxGiWYQJhcySUGJLT4h`¢S[V[LgLKML%SUG_\hÆZ]f¯\YQ_ÕQN
	!S[Z]KMLgfÃKM\AVnL¿L
_syLgQ_fnZ½AL\R9PRQ W»Õ]ÕXBWYfnLgf%cµS[GJL¿X%\AfnSÓÁ\AVÔ_t_Z]Õ]h_Z]QJeÈSUG_L T4h`¢S[V[LgL2\YÓSUG_L       VUWdQJeAL¾Z]K2WdeALZHWYf    R~iV[\AK S[G_Z]f2L
_syLgVZKML%Q4Sgc ZL!Xg\YQJX%Õ]tJhJLSUGiW»S ZG_LgQ S[GJL!XBWdÕ½ZÔ_VUWdSnZ\AQ siWYV[WYKML%S[LgV)\YÓrS[GJL!VUWYQJeYL
f[L%QJf[\YV¥WYV[L!T®Q_\bZQ7c7SUGJLsJV[\YopL%X%SnZ\AQEKML,SUGJ\®hÈZf¯ÔL,S[SUL%V`¢f[t_Z½SUL%hÈSUGiWYQ^SUGJL T4h`SUVnLgLÃKML%S[GJ\®hEÔL%XBWYtJfnL
\YÓmZ½SUf¾Õ]\VZ×X%\AKMsJt_SUWdS[Z]\AQiWdÕmWYQJhEKMLgKM\AVNÈV[LPO4t_ZVnLgKMLgQTS]RÃ~itJVnS[GJLgVnKM\AV[Ldc7SUGJLs\®\AV¾WdXgXgt_VUWYX NÈ\YÓµSUG_L
  ó'XtXX
     	  ] àà 
sJVn\YopLgX,S[Z]\AQ^KML,SUGJ\®h ZG_LgQÓ>WYVHÓÁV[\AK{SUGJL¥hJWdSbWÃZ]fxQ_\YSxWvsJV[\AÔÕL%KÔL%XBWYt_f[LzSUGJL¥fS[ZWv7QJL%f[frsiWYVUWdK)L,SUL%V   Z]frS[GJLgQ^ALgVN^Õ]\VZ _    
  bc
RxP¢SrZfxSUGJL%V[L,ÓÁ\AV[LQJ\YSrQJLgX%Lgf[f[WYV(NYc7Z]QÈf[tJXbGÆXBWYfnLgfgcSU\¿X%\AKMsJt_S[LZZ½SUGG_Z]eAG^WYXgX%tJVUWYX NSUG_LX,Õ\Yf[LgfS¯sy\YZ]QTSYR
	
	  y µÍ Y Ñ=| b Í Ídp$Í  Íqp  ÑIp b Í  r<, p  Ímy C Ñ 
PRQÈSUGZf¾fnLgX,S[Z]\AQciZLvfnSUt_h1N^S[GJLÃLXv7L%X%Sz\YÓµVnLPLiQJL%KMLgQTS\AQÆSUG_LÃ\ALgV[WdÕ½Õmh_Z]fnSbWdQJXgLvL%V[V[\YV¯\YÓµSUG_LÃKMLgf[GBR
w®SUWYVnSnZQJe ÓÁV[\AK W V[\YtJeAG L%fnSnZK)WdS[LÆf[G_\bZQ ZQ?LieAtJVnL  _W:cacS[GJL^KML%f[Gsy\AfnZ½S[Z]\AQ W»Ó´SULgV)WYs_s_ÕQN4Z]QJe
SUG_L LJV[fnSfnSUWYeALM\YÓhJL%ÓÁ\AVnK)WdS[Z]\AQ9Zfzf[G_\bZQ ZQ LieAtJVnL)N_} _W:c
R¿FHG_Z]fK)\®hJL,ÕµGiWYf)}  "!AL%VnSnZX%LgfÃWdQJh
\AL%V[f[KM\®\YSUG_LgfrS[GJL¥f[GJWYsL\YÓ$SUGJLz\AVZedZQiW»Õ&hiWdSUW1R
 L¥VnLPLiQ_LzS[G_Z]fK)L%f[G!ÔiWYfnLgh!\AQSUGJLzKMLgfnGh_ZfSbWYQ_XgL¥SU\vSUG_L¥hiWdSbWFRmPRQS[G_Z]fLX_WYKMs_Õ]LYcHZLXbG_\\AfnL
S[Z\h_ZWv7L%V[L%Q4SV[LXLiQJLgKML%Q4SÕL,AL%Õ]ffnL%SÔ:N)S[Z\VnLPLiQ_LgKMLgQTSKMLBWdf[tJVnLgf]R"FHGJL LiVnfnSV[LPLJQJLgKMLgQTSKMLgWYf[tJVnL
GiWYf2ÔL%LgQWdt_SU\AK)WdSnZXgWdÕ½ÕQN Xg\YK)s_t_SUL%h ZQ \AV[hJL%V)S[\ VnLPLiQJL     \YÓ¾S[GJLÆ\YVnZ]eYZQJWdÕxQ®t_KÔyLgV¿\dÓ¾Ó>WYXgL%f
ZG_Z½ÕL¥S[GJL¥f[L%Xg\AQJh!Xg\YV[V[L%f[sy\AQJhJfS[\2WÃVnLPLiQ_LgKMLgQTSxÕL,AL%Õ$\YÓ   !  R3w4ZQJX%L¥SUGJL¥VnLPLiQJL%KMLgQTS¯KMLgWYf[tJVnLYcJZ]f
Õ½ZQHTdLgh ZZ]S[GSUGJL¥K)Wt®Z]KtJKhZfSbWYQJX%L¥SU\ÃSUG_L¥hiWdSbWc_XbGJ\®\AfnZ]QJe)WÃV[LXLiQJL%K)L%QTS¯KMLBWdf[tJVnL¾ZfLPO®tZ]dWdÕ]LgQTS
SU\)XbGJ\®\AfnZ]QJe2W)K)Wt®Z]KtJK Ôy\AtJQJhÓÁ\AVHS[GiWdSxh_Z]fnSbWdQJXgLURHFHGJL LiV[fSxV[LPLJQJLgKMLgQTS¯K)LgWYf[t_V[LX%\AV[VnLgfns\AQ_hJf
SU\MWÃK)Wt®Z]KtJK h_ZfSbWYQ_XgLz\YÓ  FR½} !ÃKMK ZG_Z½Õ]L¾SUGJL¥fnLgXg\YQJh^\dÓ}   R    KMK R x\YSUL¯S[GiWdSS[G_ZfhZfSbWYQJX%L
SU\vS[GJLzhiWdSbWÃZ]fXg\AKMsJt_S[Lgh^QJ\YS\AQ_ÕWNÓÁ\AVW»Õ]ÕKMLgfnG^YLgVnSnZX%Lgf%cÔJtSxWdÕfn\)ÓÁ\YVHSUGJLzXgL%QTSULgVnfr\dÓ¸WdÕ½Õ&Ó>WYX%Lgf]R
                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                
  è
                                                                                                                                                                                                                                                
  
                                                                                                                                                                            
   
~	Z]eAtJVnLzN_}l _WcHFHGJLKML%f[G!\YÓjLJeAtJV[L   _<W:cHWdÓ´SUL%VHSUGJLLiVnfnSxfnSUWYeALz\YÓ	hJL%ÓÁ\YV[K)WdS[Z]\AQ i_<Ô=cØ^L%f[GÆWdÓ´SUL%V
SUG_LX%\TWYVnf[LzV[LXLiQJLgKML%Q4Sd_>XVcØ^L%f[GÆWdÓ´SUL%V LJQJLzV[LPLJQJLgKMLgQTS]R
FHGJLKML%f[GJL%f¸ÔL,ÓÁ\AV[L"WYQ_hÃWdÓ´S[LgVV[LXLiQJLgKML%Q4SmWYV[L"f[GJ\VZQZ]QLJeAtJV[LN_}R¾tiWYQTS[Z½SbW»S[Z½AL"V[Lgfnt_Õ½SUf¸WdÔ\AtS
h_Z]fnSUWYQJXgLrSU\S[GJL¯\YVnZ]eYZQJWdÕyhiWdSbWc_WYVnLredZ]YLgQZ]Q¿SbWYÔÕL¯NAN1R¸FHG_L¾V[LXLiQJLgKML%Q4SHsJV[\®XgL%hJtJV[LrZfXBWdÕ½ÕL%hL%YLgVN
  

 
	 àiÚ  ÜRà  Ý  à  Ü  ¨Þ$â 	 ! Ü"  Ü    
  Z½SULgV[WdS[Z]\AQJfµWdQJhvfnS[\AsJfMZGJL%Q)S[GJLgVnLWYV[LÕ]LgfnfmSUGiWYQ   Ó>WdXgLgf¸S[\¥V[LXLiQJL\R  LÕ½ZKvZ½SmSUGJLQ4tJKÔL%Vm\YÓkÓ>WYXgL%f
V[LXLiQJL%h syLgVsJV[\®XgL%hJtJVnLSU\ } !2!_cZ]Q \AV[hJL%VS[\È\AÔ_SUWdZQ W^K)\YV[LGJ\YK)\YeALgQJL%\AtJfÃfnsiWYX,ZQJe9\YÓYLgVS[Z]XgLgfPR
FHGJL2Q®t_KÔyLgV\dÓHÓ>WYXgL%fVnLPLiQJL%h syLgVXBWdÕ½ÕµSU\^S[GJL)V[LPLJQJLgKMLgQTSMsJVn\X%LghJt_V[LMZfhJLgfnXgVnZ]ÔyLgh Z]Q LieAt_V[L2N
_WcXRmFHGJLrSU\YSUWdÕ7Q4tJKÔL%V\YÓZ½SUL%VUWdSnZ\AQ_fZQ_XgV[LgWYf[L%fHÓÁV[\AK     SU\}N2!WYfS[GJL¯VnL]O4t_Z]V[L%h!VnLPLiQ_LgKMLgQTSÕ]L%AL,Õ
Z]fxKM\®h_ZWLiLghiR
0.0 2.0 4.0 6.0 8.0 10.0
Number of Refinement Procedures
0.0
20.0
40.0
60.0
80.0
100.0
N
um
be
r 
of
 F
ac
es
 R
ef
in
ed
Coarsely Refined Mesh
Finely Refined Mesh
  è
0.0 20.0 40.0 60.0 80.0
Distance  to the Range Data
0.0
50.0
100.0
150.0
200.0
N
um
be
r 
of
 v
er
tic
es
Distance Error Histograms
Finely Refined Mesh
Mesh Before Refinement
   
~	Z]eAtJVnLNFl _W:czFHGJLQ4tJKÔL%VÃ\YÓHÓ>WYX%LgfV[LPLJQJLgh ÓÁ\AVLBWdXbG V[LPLJQJLgKMLgQTSMsJVn\X%LghJt_V[L¿XgWdÕ½ÕL%h D_<Ô=cFHGJL
h_Z]fnSUWYQJXgLLgVnV[\AVGZfSU\AeAV[WYKÔyL%ÓÁ\AVnLzWYQJh^WdÓ´SUL%VV[LXLiQJLgKML%Q4S]R
PRQ LieAtJVnLÃN _<Ô=cac ZLÃXBWdQÈf[L%LSUGJLXbGiWYQJeYLÃ\YÓ¸S[GJLh_Z]fnSUWYQJX%LvLgV[Vn\AVxG_ZfSU\AeYVUWYK ÔyL%ÓÁ\AVnLÃWYQJhÈWdÓ´SUL%V
V[LXLiQJL%K)L%QTSYR frff[GJ\VZQZ]Q SUWYÔ_Õ]LENAN_cS[GJLEK)Wt®ZKtJK LgVnV[\AV2Zf5ZZ½SUGZQSUG_LEÔ\At_QJhJff[L,SÔ:N SUG_L
V[LXLiQJL%K)L%QTSMXgVnZ½SUL%VnZ]\AQiR r\YS[L2S[GiWdSSUGJLKML%h_ZºWdQ LgVnV[\AVhJ\L%fQJ\dSdWYVN fntJÔJfSbWYQTS[ZWdÕ½ÕQN ÔL,S[ZL%LgQ SUG_L
S[Z\ÕL,AL,Õf\YÓVnLPLiQ_LgKMLgQTSYR"FHG_Z]fZ]fÔyLgXgWYtJf[LrSUGJL¾KML%h_ZºWdQLgVnV[\AVXg\AVnV[Lgfns\YQJhJfWYs_sJV[\Y®ZK)WdS[L%ÕWN2S[\SUG_L
V[L%f[\YÕ]t_SnZ\AQ!\YÓ$SUGJLzV[WYQJeALzhiWdSUW1R
 ¥înè%ó  ¥î Céüè%ó  zè &éüç  ç   ç  înïùaý   ç  î[ï&ùaý ùgçú  ö<è,ö>éüù%óòéôø>öè,ó  î òéôø>öè,ó  î òéôø>öè,ó  î  iî[ï>ö<é  înø ´ö>înïèaö<éëùgóCø éôçîò	îýù%ïçî  ¥înøû  	Cñ b¸çç »ñ
çç ñ  çç  
 
 XCñ "ø
ù%è%ï<ø<îê  îYóî  ¥î[ø<û »ñ 	çHç Cñ 
çHç b,ñ çç  V   ñ ø
 éüóînê  îYóî  ¥î[ø<û Cñ çHç Cñ µçHç »ñ "çç 
   »ñ Pø
~	Z]eAtJVnLNAN1lÖrZ]fnSUWYQJX%L^L%V[V[\YVMWYQJh Xg\AKMsJtSbWdSnZ\AQ S[Z]KMLÓÁ\AVÃSUG_V[LgLKMLgfnGJLgf2WdSMh_ZWvLgV[L%QTS2VnLPLiQ_LgKMLgQTS
Õ]L%AL,ÕfPR
  ó'XtXX
    	  ] àà 
FHGJLzXg\AKMsJtSbWdSnZ\AQSnZKMLgf9ZLgVnLL,dWdÕtJWdSUL%h!\YQW)Ö¯qKe frÕ]sJGiWYfSbWdSnZ\YQ  !"!  YNYN1R  L¾ZQ_h_ZXgWdSUL¥Z]Q
SbWdÔ_ÕLxNAN¥SUG_LxSnZKMLQJLgL%hJLgh2ÓÁ\AV¸SUGJL LiVnfnSfnSbWdeAL\YÓhJL,ÓÁ\AV[K)WdSnZ\YQm_ ZGJLgVnLxS[GJLK)L%f[G¿Z]fµhJL%ÓÁ\YV[KMLgh)ÓÁV[\AK
WYQ9L%Õ½Õ½ZsJfn\YZ]h=cWdfaZL,Õ]ÕWYf¾ÓÁ\AV¾S[GJLMV[LXLiQJLgKML%Q4SfnSUWYeALUR Z]S[G_ZQ9SUG_L)VnLPLiQ_LgKMLgQTSfnSbWdeALYcKM\AfnS\YÓ"SUG_L
S[Z]KML¥Zff[syLgQTSr\AQL%dWdÕ]tiWdSnZQJeMSUG_LVnLPLiQ_LgKMLgQTSrXgVnZ½SUL%VnZ]\AQ^ÓÁ\YVWdÕ]Õ7Ó>WYXgL%f]R
g& ?GD032(J<F0x<1J '* > */C1G-2[<FC
	  	
   po r po b Í  ÑIpjpÍ Ybr  rÁ Î
PRQ S[G_Zff[L%X%S[Z]\AQcjZLh_LgKM\AQJfSUVUW»SUL2S[GiWdS\AtJVV[L%Xg\AQJfSUVntJX%SnZ\AQ fnXbGJLgKMLXgWYQ SbWUTYL2Z]QTSU\ÆWYXgX%\AtJQTSÃSUG_L
XbGiWYQ_eAL\YÓXg\AQ_QJLgX,S[Z½®Z½S[NRrØ^\YV[LsJV[L%X%Z]f[L%ÕWNAcfnSUWYVnSnZQJe)ÓÁV[\AKW2fnZ]KMs_Õ]LX^KMLgf[G7cSUG_LX%V[LBW»S[Z]\AQÆ\YÓGJ\YÕ]Lgf%c
WYfMhJL%f[XgVZÔyLgh ZQ f[L%X%S[Z]\AQ   RüNFR]}Ac"XBWdQ fnLgsiWYV[WdSUL^W9fnZ]K)sÕL
 KML%f[G Z]QTSU\9S[Z\ ZQ_hJLgsyLgQJh_LgQTSKMLgfnGJLgfPR
FHGJLrXbGiWYQJeALx\YÓ7Xg\AQJQ_LgX%SnZ]4Z½S[N¿\®XgX%tJV[f'ZGJL%Q¿SUGJLxsiWYVS\dÓ7SUG_L-^%\AQJLZQTSUL%V[sy\YÕWdSUL%h¿GiWYf"KM\AV[LSUGJWYQ¿\AQ_L
Ôy\AV[hJL%V]R
PRQ SUGZfLX_WYKMs_Õ]LYcMZLtJf[L¿W^sJVnL,`¢f[LgeYK)L%QTSULgh Y\YÕt_K)L,SUVZX¿Z]K)WYeAL2Xg\AQJfZfS[Z]QJeÈ\YÓHK2WdQ®tJWdÕ]ÕWN f[Lge»`
KMLgQTSUL%h X%\AQTSU\AtJVnf]R¿FHGJL2hZ#)XgtÕ]S[NEÕ½ZL%fZ]Q Ô_t_Z]Õ]h_Z]QJe^W!fnK)\®\YS[G eAL%\AKML%S[VnZ]X)KM\®hJL%ÕµS[GiWdSzX%Õ]\AfnL%ÕWN L_S
SUG_\Af[LzXg\YQ4S[\AtJVnf]R"ÖrZ]V[LgX,S¯VnLgX%\AQJfnS[V[tJX,S[Z]\AQ^S[LgXbGJQZO4tJL%fgcyf[tJXbGÆWYfxÖ¯L%ÕWYtJQiWYNS[VnZWYQJeAt_ÕWdSnZ\AQ 
 zAN&\YV
SUG_LØÆWYVnXbG_Z]QJe etJÔyLgfvWdÕ]eA\AVZ]S[GJKc¸LX®S[VUWYsy\YÕWdSUL)SUGJL2Xg\AQTSU\YtJV[fhZZ]S[GJ\At_SÃSUW\T ZQ_eÆZQTS[\EWYXgX%\AtJQTSvWdQEN
f[KM\®\YSUG_QJLgfnfrX%\AQJfnS[VUWdZ]QTSYR
PRQ \At_VzÓÁV[WYKMLPZ\AVkTkc$SUGJL)hJL%ÓÁ\YV[K)WYÔ_Õ]L2KML%f[G Z]fW»S[SUV[WYX%S[Lgh Ô:N S[GJL)Xg\AQTSU\YtJV[fWYQJh f[tJÔ_KMZ½S[S[Lgh S[\
V[L%eAt_ÕWYVnZQ^%Z]QJe9ÓÁ\AV[X%LgfPR F\ X%\AKMsJt_SULS[GJLÆW»S[SUV[WYX%SnZ\YQ ÓÁ\YV[XgLdcKZL^fZKMs_ÕWN Xg\YQJfnZ]hJLgV)SUGJLX%\AQTSU\AtJVnf¿Wdf
Lgh_eALxY\Y_L,ÕfPR LxfnSUWYVnSµSUG_LrVnLgXg\YQJfnS[V[tJX,S[Z]\AQ¿\YÓSUGJLÕ]tJQJeAfxZZ½SUG2S[GJLrWYt_SU\YK2W»S[Z]XZ]Q_Z½S[ZWdÕ½Z^gWdS[Z]\AQ¿\dÓ7SUG_L
KMLgfnG¿WYVn\AtJQJhvS[GJLhiWdSbWFR  LXbGJ\Af[LS[GJLf[sJGJL%VnZ]XBWdÕiS[\Asy\YÕ\Ye\NvWYQ_h)\YÔ_SbWdZ]Q)W¾KMLgf[G)f[t_V[V[\YtJQJh_Z]QJeÔ\YS[G
Õ]tJQJeAf5_<f[L%L LieYtJV[L¿N   _WckcXRFHGJL LiVnfnSfnSbWdeAL¿\YÓhJL%ÓÁ\YV[K)WdS[Z]\AQ XgV[LgWdSUL%fvW^fnKM\\YS[G KM\®hJL%Õ3ZGJLgVnL ZL
XBWdQXg\AVnV[L%X%S[ÕWNh_L%SUL%X%SHS[GJL¯sJWYVnSSUGiWdSGiWYfHÔyLgL%Q¿Z]Q4S[LgVns\YÕWdS[LghiRL%XBWYtJfnL¯SUGZfHsJWYVnSGiWYfS[Z\ÃÔy\AV[hJL%V[f%c
SUG_LV[L%KM\CdWdÕ\YÓ¸S[GJLZ]Q4S[LgVns\YÕWdS[LghÆYLgVnSnZX%Lgf¥L%Q4SUWdZ½Õf¯S[GJLÃfnLgsiWYV[WdS[Z]\AQÈ\dÓmSUGJLK)L%f[GÈZ]QTSU\¿S[Z\KMLgf[G_Lgf
_ LJeAtJV[LMN   _<XYckcXRFHGJ\AfnLMK)L%f[GJL%fWdV[LÃSUG_LgQ9V[LXLiQJLgh WYQJhES[GJL LiQiWdÕV[L%Xg\AQJfSUVntJX%SnZ\AQ Zf¥fnLgL%Q Z]Q~LieAtJVnL
N   _ÁÓc
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_WYKMs_ÕLdcDZLEV[L%Xg\AQ_fnSUVntJX%SS[GJLÆYLgQTSUVZX,ÕL%fgc¾W»SUVnZ]tJKMfWYQJh SUGJLÈsyLgVZXgWYV[hZtJK ÓÁV[\AK W F¾},`
ZL%Z]eAGTSULgh ØÆwPÃA\dÕtJKML,SUVnZ]XÆZ]K)WYeAL\R FHGJLÆZ]K)WYeALÆX%\AV[VnLgfns\AQ_hJf¿SU\ W V[\Yt_S[Z]QJLÈWdX]O4t_Z]fnZ½S[Z]\AQ\YÓ¥SUG_L
WYÔyhJ\AKMLgQ WYQJh Xg\AQ_fnZ]fnSUf2\YÓ¾\YQ_ÕQN } ! fÕ]Z]XgL%f ZZ½SUGJ\AtSWYQ:N X%\AQTSUVUWdfnS2WYeAL%Q4S]R L%XBWYt_f[LÆ\dÓ¯SUG_L!Õ]\VZH`
Xg\YQ4S[VUWYfSBchJL%ÓÁ\AVnK)WYÔ_Õ]L¾KM\hJL,ÕfHWYV[L¯S[GJL¾\AQÕQN2WdÕ½SUL%V[QiWdSnZ]YL¾SU\ÃK)WYQ4tiW»Õf[L%eAKMLgQTSbW»S[Z]\AQiR"~itJVnS[GJLgVnK)\YV[LYc
ZLHXBWYQ_QJ\YSZ]Q_Z½S[ZWdÕ½Z^%LWYt_S[\AK)WdS[Z]XBWdÕ½ÕWN\At_VKM\h_L%Õ]f¸ÔL%XBWYt_f[LZ½SZ]fZ]K)sy\AfnfnZ]Ô_ÕLSU\¯Z]f[\YÕWdS[LSUGJL"AL%Q4S[VnZ]X%Õ]Lgf
WYQJhÃWdSUVZtJKMf$ZQS[GJLZ]K)WYeALURPRQJfSULBWdhcZLZQ_Z½S[ZWdÕ½Z^%LS[GJLAL%QTSUVnZ]X%Õ]LgfµWdQJhvWdS[VnZ]tJK³K)\®hJL,ÕfWYfL,Õ]Õ½Zs_f[\YZ]hJf
_ LJeAtJV[LµN   _W:c(c7WYQJh ZL"K)WYQ4tiW»Õ]ÕWN¥sy\AfnZ½S[Z]\AQ¥SUGJL%K ZZ½SUG_Z]QS[GJL¸Z]K2WdeAL\R	FHGJLµsL%VnZ]XBWYVnh_Z]tJK Z]fZ]Q_Z½S[ZWdÕ½Z^%Lgh
WYfxWvXPN4Õ½ZQJh_LgV]R
FHGJLÃKM\®hJL%Õ]f¥WYVnLvWdS[S[VUWYX,SUL%hÆSU\VZWYV[hJf¯LghJeAL%fZZ½SUGÈSUG_LÃWYhJhZ]SnZ\AQJWdÕ¸X%\AQJfnS[VUWdZ]QTS¾SUGJWdS¯S[GJLfntJVnÓ>WYX%L
QJ\AVnK)WdÕ$KtJfS¯ÔyLX%\AGJL%V[LgQTSnÕQN^\AVnZ]LgQTS[LghmZZ½SUG!SUGJLeAVUWdh_ZL%QTS¯h_Z]V[L%X%SnZ\AQ^ZQ!SUGJLzZK)WYeYL\RFHGJLeAVUWdh_ZL%QTS
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FHGJL3^g\AQ_L"h_L%SUL%X%S[LghÃWdfZ]QTSUL%V[sy\YÕºW»SULgh H_<XYceGiWYQJeALµ\YÓXg\YQJQJLgX,S[Z½4Z]S[N 
_<hcWdQJh5_>LVc&wLgXg\YQJfnS[V[tJX,SULghKM\hJL,Õ4\YÓ_S[GJLxLiV[fS	WYQJhf[LgX%\AQJhÕtJQ_e H_ÁÓc&WYQJh _<e:c~	ZQJWdÕ4V[L%Xg\AQJfSUVntJX%SnZ\AQ 
_<GcWdQJh _>Z cDw4Õ]Z]XgL%fr\YÓ$SUG_LzÕ]tJQJeMKM\®hJL%Õ]f]R
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Z]Q_ÓÁ\AV[K)WdSnZ\YQ ZWYfµXg\YK)s_t_SUL%h¿WYf"W YÖeAV[WYh_Z]LgQTS"ÔL%XBWYtJfnLSUGJLZ]Q4S[LgVnfnÕ½ZX%Lrh_Z]fnSUWYQJX%LxZ]fµfnZvS[Z]KMLgfmÕºWdV[eAL%V
SUGJWYQ!S[GJLzs_Z_L,ÕfnZQ^gLUR
 LuLiV[fShJL,ÓÁ\AV[K SUG_\Af[L^K)\®hJL,Õf5ZZ½SUG W G_Z]eAG VnZ]eYZ]h_Z½S[N siWdVUWYKML%S[LgV¿WYQJhcHZ]QW fnLgXg\YQJhfnSUWYeALYc
ZL2hJL%XgVnLBWYfnL2SUG_L)VZedZh_Z½S[N9siWYV[WYKML%S[LgVzSU\^WKvZ]Q_Z]KtJK ZG_Z½ÕL)fnÕ½Z]eAGTS[ÕWN VnLPLiQZQJeSUG_L2KMLgfnGJLgfÔiWYfnLgh
\AQ WdV[LBWFR L%XBWYtJfnL\YÓS[GJL¿Vn\AtJeAG Z]Q_Z½S[ZWdÕ½Z^gWdS[Z]\AQ \YÓS[GJL¿KM\®hJL%Õ]fgcMZLWdÕ½Õ]\bZS[GJL¿tJfnLgVS[\ÈeAV[WYÔ SUG_L
KMLgfnG Õ]\®XBWdÕ½ÕQN9Z]Q \AV[h_LgVS[\ÈV[L%K)\YLZ]SÓÁV[\AK WÆÕ]\XgWdÕKvZ]Q_Z]KtJK R r\VZL%YLgVgc'ZLÓÁ\AtJQJh S[GiWdStJfnZ]QJe
SUG_L)X%\AGJL%V[LgQ_XgL¿ÔyL%S[ZLgL%Q SUG_L)eYVUWYh_Z]LgQTSh_Z]V[L%X%S[Z]\AQ WYQJh9SUGJLM\AVZL%Q4SUWdS[Z]\AQ \YÓS[GJLMhJL%ÓÁ\YV[K)WYÔ_Õ]L2KM\®hJL%Õ
eAVnLBWdSnÕQN GJL%Õ]sJfvSUGJLfnLgeAKML%Q4SUWdS[Z]\AQiR FHG_LVnZ]eAGTS)WYQJh ÕL,Ó´SvAL%Q4S[VnZ]X%Õ]Lgf)GiWBALÔyLgLgQ LBWdfnZ½ÕQN fnLgeAKML%Q4S[Lgh
_ LJeAtJV[LN   _>Ô=cWYQJh _>XVc(c9ZG_Z½Õ]LSUGJLV[L%Xg\AL%V(N^\YÓ¸S[GJLÃWdS[VnZ]tJKMfxZ]f¯KM\AVnLs_V[\AÔ_Õ]LgK)WdSnZXURPRQÈsiWYVS[Z]Xgt_ÕWYVgc
SUG_LrVZeAGTSWYQJhMÕ]L%Ó´SWdSUVZtJK×ZQTSUL%V[fnLgX%SLBWYXbG2\YSUG_LgVµÔL%XBWYt_f[LrS[GJLxf[LgsSUtJK fnLgsiWYV[WdS[Z]QJeSUGJLS[Z\XBWB4Z½S[Z]Lgf
Z]fmKMZ]f[fZQ_eZ]QMS[GJLHZ]K2WdeAL _ LieYtJV[LxN   _>G=ckc
RPRQLieAt_V[LN   _ÁZ c	S[GJLfnÕ½Z]X%Z]QJe\dÓyS[GJLh_ZWv7L%V[LgQTS"KM\h_L%Õ]fmf[GJ\VZf
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Unité de recherche INRIA Lorraine, Technopôle de Nancy-Brabois, Campus scientifique,
615 rue du Jardin Botanique, BP 101, 54600 VILLERS LÈS NANCY
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